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Abstract— A general framework is provided for eval-
uation of packet delay distribution in an optical circuit-
switched network. The framework offers sufficient flex-
ibility to allow arbitrary provisioning of quality of ser-
vice (QoS), routing and wavelength assignment (RWA)
algorithms. The framework consists of a fluid traffic
model, packet queueing at edge routers, and circuit-
switched transmission between edge routers. Packets are
assigned to buffers according to their destination, QoS,
physical route and wavelength. At every decision epoch, a
subset of buffers are allocated to end-to-end circuits for
transmissions, where circuit holding times are based on
limited and exhaustive circuit allocation policies. To ensure
computational tractability, the framework approximates
the evolution of each buffer independently. ‘Slack vari-
ables’ are introduced to decouple amongst buffers in a way
that the evolution of each buffer remains consistent with all
other buffers in the network. The exact delay distribution
is derived for a single buffer and an approximation is
given for a network of buffers. The approximation entails
finding a fixed point for the functional relation between
the ‘slack variables’ and a specific circuit allocation policy.
An analysis of a specific policy, in which circuits are
probabilistically allocated based on buffer size, is given
as an illustrative example. The framework is shown to be
in good agreement with a discrete event simulation model.

I. I NTRODUCTION

The advancement of optical technology in recent years
[1] positions theAll-Optical Network (AON)as a viable
option for core backbone networks. An AON consists
of core routers interconnected by fiber links carrying
hundreds of wavelength channels, referred to as the

core network. Edge routers are located at the periphery
of the core network and given the task of assembling
and disassembling many data streams arriving from or
destined to users connected to the core network via
access networks. For such a task, edge routers possess
buffering capabilities, and from the viewpoint of the core
network, may be considered as source and destination
nodes.

An AON transmits data streams by way of all-
optical lightpaths established usingwavelength division
multiplexing (WDM). Data remains in the optical do-
main throughout transmission from source to destination.
However, signaling and switching functions may occur in
the electronic domain. The primary advantage of an AON
is that data streams do not undergo optical-electrical-
optical (OEO) conversion, which increases end-to-end
latency.

Next generation dense-WDM (DWDM) fiber technol-
ogy is likely to offer a single fiber containing hundreds
of wavelength channels, each modulated at10 Gb/s.
Hence, links with a total capacity of tens of Tb/s may
be attached to a single core router requiring switching
capacity not available by present day electronics. Con-
sequently, bufferless core routers are envisaged, where
all data queueing is shifted to the edge routers. An AON
architecture motivates the framework considered herein.

Any network deployment is a tradeoff between cost
and performance implying some amount of packet loss
and/or queueing delay, depending on the edge router
architecture. Since substantial data buffering in core
routers is not a valid option in an AON, route reservation
procedures should not mandate buffering at core routers.



Two such route reservation procedures are as follows.
The first is a one-way reservation procedure known as

tell-and-go [15], in which a reservation request is sent
before the data is transmitted. Then, without waiting
for an acknowledgment, the data is transmitted after
some predefined offset time. Two tell-and-go procedures
have gained the most attention. One is just-in-time (JIT)
[14] and the other is just-enough-time (JET) [10]. In
both reservation procedures, packets with a common
destination are aggregated in the edge routers into large
transmission units called bursts, each transmitted sepa-
rately. This approach is known asoptical burst switching
(OBS).

The other reservation procedure is classical two-way
reservation [2], [3], [16], in which data transmission does
not commence until the edge router receives acknowl-
edgement of all resource reservations.

With one-way reservation, transmitted data can be
blocked by any core router along its route. Thus, a major
performance measure is blocking probability, which has
been derived for various reservation procedures [12].
With two-way reservation, blocking at core routers is
averted by delaying data transmission until the edge
router receives acknowledgement of all resource reser-
vations, and thus, the main performance measure is
queueing delay at the edge routers.

The focus of this paper is to provide a general
framework for evaluation of packet delay distribution
in an optical circuit-switched network. The framework
offers sufficient flexibility to allow arbitrary provisioning
of quality of service (QoS), routing and wavelength
assignment (RWA) algorithms. As explained in Section
II, optical circuits may have a more complex structure
than circuits in the classical models [7]. Thus, they
will be referred to asoptical circuit-switched (OCS)
networks.

Performance of circuit-switched networks has been
studied only with respect to blocking probabilities, e.g.,
[7]-[8]. The study in [7] is concerned with routing data
or voice in a classical circuit-switched network and the
studies in [11] and [8] are concerned with RWA in optical
circuit-switched networks. In these studies, blocking
probabilities have been derived using the reduced-load
fixed point approximation based on solving Erlang’s
formula, under the assumption blocking events occur
independently on each link.

It is worth noting, maximizing the carried traffic in a
circuit-switched network with an arbitrary topology and
an arbitrary RWA algorithm given a static traffic demand,
can be formulated as an integer linear program [5] [11].
Although the integer linear program is in NP, its solution
can be carried out off line and then used in a lookup table

whose entries represent different traffic demands. This
supports a network model, where an RWA algorithm is
regarded as a black box.

The rest of this paper is organized as follows. In
Section II, we formulate the general problem and define
the model. Sections III and IV are devoted to the delay
evaluation framework. The exact delay distribution is
derived for a single buffer in Section III and an ap-
proximation is given for a network of buffers in Section
IV. The framework is illustrated by an example of an
RWA algorithm in Section V, and model extensions
are explained in Section VI. In Section VII we present
numerical data validating our illustrative example and in
Section VIII, we draw our conclusions.

II. M ODEL FORMULATION

Our objective is to develop a framework for evaluation
of packet delay distribution in OCS networks, which
offers sufficient flexibility to allow arbitrary provisioning
of QoS, arbitrary network topology and arbitrary RWA
algorithms. To this end, we considerJ data streams, each
associated with a source-destination pair of edge routers,
QoS class, a route and wavelength assignment sequence
from the source to the destination, and other external
classifications. Data packets from streamj, 1 ≤ j ≤ J ,
that cannot be transmitted immediately are queued in
logical bufferj at its corresponding source edge router.

A circuit in our framework is a unidirectional lightpath
connecting a pair of source-destination edge routers
capable of transmittingC b/s uninterruptedly for a
period of T seconds. A circuit is set up by selecting a
unidirectional route between the source-destination pair
and allocating a dedicated sequence of wavelengths and
switching resources along the selected route as dictated
by the given RWA algorithm. The wavelength sequence
must be aligned with the wavelength conversion rules
along the route.

Circuits are allocated to the logical buffers using a
policy R based on the queue lengths at all logical buffers.
A strict requirement of a circuit allocation policy is that
any allocated set of circuits can serve their associated
buffers concurrently and continuously. That is, their
lightpaths are disjoint. When a circuit is allocated to a
logical buffer, it is drained at a maximum rate ofC b/s.
An allocated circuit that is not reselectedT seconds after
its allocation is torn down.

The assumption that circuits are selected in a synchro-
nized manner and at fixed time intervals does not impose
limitations on our framework. Neither is the assumption
that a circuit period must be of a fixed length. In Section
VI, we explain how to extend our analysis to variable
circuit lengths and asynchronized allocations.
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Circuit setup begins by evaluating all queue lengths
and then a circuit allocation policyR is called to
compute the set of circuits, which can be allocated
concurrently. If the edge routers are time synchronized,
the overall procedure can be implemented centrally or
distributively.

Assume that bits arrive at each logical bufferj accord-
ing to a continuous fluid stream with an integral constant
bit rate ofAj b/s. Considering the expected Tb/s nature
of multiplexed input streams, such a fluid approximation
is a natural traffic model. Modelling data transmission
as a continuous fluid stream is also tangible due to the
nature of an optical circuit, in which an arriving bit can
be served on-the-fly without waiting for its encapsulating
data packet.

Without loss of generality, we normalize all rates by
dividing them by their largest common integral denom-
inator, say B. Henceforth, we refer to a unit ofB
bits as ‘B-Bit’ and letK and {Aj , 1 ≤ j ≤ J} be
the normalized lightpath transmission and arrival rates
(in ‘B-bits per circuit period’), respectively. We further
assume that everyAj is an integral fraction ofK. That
is, there are integers{m0

j} such that

K = m0
jAj , ∀ j. (1)

Also, without loss of generality, we assume thatT =
1, and transmission and arrival rates are specified in
circuit periods. To summarize, time units are specified
in circuit periods and data units in B-bits (normalized
bits).

Let n denote a circuit switching decision epoch,
Xj(n) denote the queue length (in ‘B-bits’) in logical
buffer j at epoch n, 1 ≤ j ≤ J , and X(n) =
(X1(n), X2(n), . . . , XJ(n)) denote the system state at
epochn, n = 0, 1, 2, . . ..

Given a circuit allocation policyR, let δR(x) =
(δR

1 (x), δR
2 (x), . . . , δR

J (x)) be a binary vector indicating
which of the logical buffers are allocated circuits at state
X(n) = x

def= (x1, x2, . . . , xJ). That is,δR
j (x) is 1 or

0 depending on whether or notR allocates a circuit to
logical bufferj at statex, respectively.

The process(X(n), n ≥ 0) is a Markov chain and
each of its componentsXj(n) evolves according to

Xj(n + 1) = [Xj(n) + Aj − δR
j (x)K]

+
, (2)

where[y]+ = max{0, y}.
Let Sj(i) be the set of system states, where logical

queuej comprises ofi B-bits and letαj(i, n) be the
probability that algorithmR allocates a circuit to buffer
j at epochn given thatX(n) ∈ Sj(i). That is,

Sj(i) = {x ; X(n) = x, Xj(n) = i} (3)

αj(i, n) = P
(
δR
j (X(n)) = 1 | X(n) ∈ Sj(i)

)
. (4)

The marginal process(Xj(n), n ≥ 0) is not Marko-
vian. Nevertheless, its evolution in time can be ex-
pressed in the probability space of the Markov chain
(X(n), n ≥ 0) as follows. By (2), givenXj(n) = i, we
have

Xj(n + 1) =





[i + Aj −K]+, w.p. αj(i, n);

i + Aj , w.p. 1− αj(i, n),
(5)

for every 1 ≤ j ≤ J , where ‘w.p.’ stands for ‘with
probability’.

The Markov chain(X(n), n ≥ 0) may or may not
be periodic, depending on the allocation policyR. For
instance, ifR allocates circuits based on a deterministic
set function of the queue length vectorx (i.e., a de-
terministic stationary policy), then the resulting Markov
chain is periodic. For these policies, periodicity follows
from the deterministic fluid arrival processes and the fact
that only a finite number of states can be visited by
the Markov chain under appropriate positive recurrent
conditions. The performance of circuit allocation policies
under which the Markov chain is periodic have been
exactly analyzed elsewhere [13] and not considered
herein.

If the Markov chain(X(n), n ≥ 0) is aperiodic and
positive recurrent (i.e., has a stationary state distribution
function), the probabilities{αj(i, n)} under stationary
conditions exist and are independent ofn, but do de-
pend on the entire system state. Thus, under stationary
conditions, (5) translates into

Xj(n+1) =





[i + Aj −K]+, w.p. αj(i);

i + Aj , w.p. 1− αj(i),
(6)

given Xj(n) = i.
According to (6), it may be suggested that the station-

ary distribution of a Markov chain evolving according
to (6) with probabilities{αj(i)} can approximate the
multidimensional Markov chain(X(n), n ≥ 0). The
probabilities {αj(i)} may be regarded as ‘slack vari-
ables’.

The concept underpinning our approximation is as
follows. For every logical bufferj, consider a one
dimensional Markov chain evolving according to (6)
and independently of the other buffers. In the original
multidimensional process, theJ sets of allocation prob-
abilities{αj(i)}, 1 ≤ j ≤ J , are clearly inter-dependent.
Therefore, theJ sets of allocation probabilities must be
resolved in a way that consistency is maintained across
all sets. The consistency conditions give rise to a set of
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fixed-point equations, each of which describes one of the
one-dimensional Markov chains, assuming they evolve
independently.

In the next section, we derive the queue length and
the packet delay distributions in a generic single buffer
evolving according to (6).

III. A S INGLE LOGICAL QUEUE

A. Definition and ergodicity

For notational clarity, we omit the logical buffer index
j in this section and denote a generic one-dimensional
queueing system by(X(n), n ≥ 0). Assuming indepen-
dent evolution of the marginal processes of(X(n), n ≥
0), (1) and (6) imply that givenX(n) = i,

X(n+1) =





[i + A−m0A]+, w.p. α(i);

i + A , w.p. 1− α(i),
(7)

whereA andK = m0A are the arrival and transmission
rates, respectively.

The upper event in (7) represents an allocated circuit
period and the lower event represents an unallocated
period. Observe that after every unallocated circuit pe-
riod, the queue length increases byA and after every
allocated circuit period, the queue length decreases by
min{i, (m0 − 1)A}, where i is the queue length at
the beginning of the circuit period. Consequently,X(n)
assumes only integral multiples ofA. That is, its state
space is{iA ; i = 0, 1, 2, . . .}. Without loss of gener-
ality, we relabel the process states and denote them by
the set of non-negative integers, with the convention that
X(n) = i denotesiA B-bits reside in the queue. With
relabelling, (7) becomes

X(n + 1) =





[i + 1−m0]+, w.p. α(i);

i + 1 , w.p. 1− α(i).
(8)

Since the transmission rate forX(n) ≥ (m0 − 1) is
K, it is reasonable to setα(i) = α for i ≥ m0 − 1. We
further have0 ≤ α(i) ≤ 1.

Given that we consider only policiesR under which
the multidimensional Markov chain(X(n), n ≥ 0) is
aperiodic, we may restrict attention to aperiodic one-
dimensional Markov chains(X(n), n ≥ 0). Since there
is a positive probability to return to state zero from
any other state it can be shown that the Markov chain
is irreducible and aperiodic. A necessary and sufficient
condition for ergodicity is

α m0 > 1. (9)

Indeed, assuming (9) holds, the expected drift in one
transition is

E[X(n + 1)−X(n)/X(n) = i] = 1− αm0 < 0,

for i ≥ m0 − 1. Thus, by the Foster-Lyapunov drift
criterion [4], the Markov chain is ergodic.

B. Queue length probability generation function

The probability generation function (pgf) under sta-
tionary conditions,G(z) = limn→∞E[zX(n)], |z| ≤ 1,
is derived in Appendix A and is given by

G(z) =

m0−2∑
i=0

[(α(i)zm0−1 − αzi) + (α− α(i))zm0+i]p(i)

zm0−1 − (1− α)zm0 − α
,

(10)
wherep(i) is the stationary probability of havingiA B-
bits in the buffer.

The pgf in (10) is expressed by a function of them0−1
boundary probabilitiesp(i), i = 0, 1, . . . , m0−2, that are
yet to be determined. Standard application of Rouche’s
Theorem and the analyticity ofG(z) in the unit disk
|z| ≤ 1 yield these boundary probabilities (see [6, pp.
121-124]).

Specifically, as we prove in Appendix B, the de-
nominator of G(z) has m0 − 1 distinct zeros within
and onto the unit disk|z| ≤ 1. To find the boundary
probabilitiesp(i), i = 0, 1, . . . , m0 − 2, we exploit the
analyticity of G(z) in the unit disk |z| < 1. Namely,
the numerator ofG(z) must be zero for every zero of
its denominator within the unit disk. One zero of the
denominator is clearly1 for which all the coefficients of
p(i) in the numerator are zero and therefore useless. All
otherm0−2 zeros, denoted byzm, m = 1, 2, . . . ,m0−2,
are within the unit disk and define the followingm0− 2
linear equations:

m0−2∑

i=0

[(α(i)zm0−1
m − αzi

m) + (α− α(i))zm0+i
m ]p(i) = 0,

(11)

m = 1, 2, . . . ,m0 − 2.

Another equation is obtained from the normalization
condition G(1) = 1. Applying L’hopital’s rule to (10),
we have

m0−2∑

i=0

[m0α− (1 + i)α(i)]p(i) = αm0 − 1. (12)

Equations (11)–(12) form a set ofm0 − 1 independent
linear equations whose solution determinep(i), i =
0, 1, . . . , m0−2. The independence is verified by check-
ing the positivity of the corresponding determinant as in
[6, pp. 121-124].
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Once the boundary probabilities are determined,G(z)
is completely specified. The stationary probabilities,
{p(i)}, are given byp(i)i! = d(i)G(z)

dz |z=0 and the ex-
pected queue length under stationary conditions,E(X),
is given by E(X) = dG(z)

dz |z=1. Higher moments are
derived by taking higher derivatives atz = 1.

It is well known that moment and probability deriva-
tions fromG(z) are very tedious. In the next subsections,
we apply simpler methods to deriveE(X) andp(i) for
i ≥ m0 − 1.

C. Expected queue length

First, we derive the expected queue length at a circuit
period boundary under stationary conditions,E(X), and
then the long-run time-average queue length,E(X̃).

A simple method to deriveE(X) is to express the
one-step evolution ofX2(n + 1) (similar to (8)) and
then equate between the expected values of both sides.
This method yields the expression in (13). The expected
number of B-bits at a circuit boundary is thereforeA ·
E(X).

To find the time average queue length we note that the
queue length evolution between two consecutive circuit
period boundaries,{X(t), 0 ≤ t ≤ 1}, is as follows.
Given X(n) = i,

X(t) =





[i + t−m0t]+, w.p. α(i);

i + t , w.p. 1− α(i),
(14)

By the mean ergodic Theorem,E(X̃) =∫ 1−
t=0 E(X(t))dt. Note that for i ≥ m0 − 1, we

have i + t − m0t ≥ 0 for every 0 ≤ t ≤ 1; and
for i < m0 − 1, we have i + t − m0t ≥ 0 for
0 ≤ t ≤ i/(m0 − 1). Integrating yields

E(X̃) = E(X) + 1
2 − αm0

2

(
1−

m0−2∑
i=0

p(i)

)

+1
2

m0−2∑
i=0

p(i)α(i)
(

i2

m0−1 − 2i− 1
)

.

(15)

The time-average number of B-bits is thereforeA·E(X̃).

D. Queue length distribution

In subsection III-B, we derived the probabilities
p(i), i = 0, 1, . . . , m0 − 2. In this subsection, we derive
a simple recursion forp(i), i ≥ m0 − 1.

From (8), the balance equations are given by

p(0) =
m0−1∑

i=0

p(i)α(i), (16)

and

p(i) = p(i− 1)(1− α(i− 1)) + p(i + m0 − 1)α, (17)

for i ≥ 1.
Given {p(i) ; 0 ≤ i ≤ m0 − 2}, by (16),

p(m0 − 1) =
p(0)−∑m0−2

i=0 p(i)α(i)
α

; (18)

and by (17),

p(m0 + i) =
p(i + 1)− p(i)(1− α(i))

α
, i ≥ 0. (19)

E. Delay distribution

In non-fluid models, where packet arrivals and depar-
tures occur at particular time instances, packet delay is a
well defined notion. In a fluid traffic model, however, a
packet can be served while it is still arriving. Thus, the
time interval during which a packet arrives could overlap
with its transmission interval and multiple notions of
packet delay can be defined. Regardless of the notion
of delay defined, a packet scheduling rule is required
and we assume a FIFO regime.

Consider a notion of delay defined as the time elapsed
from the arrival instance of the first bit of a packet to
the departure instance of the last bit of a packet. Such a
notion of delay must be defined in terms of packet length
and is considered below to derive the delay distribution
for a special case.

An alternative notion of delay, referred to as B-bit
delay, is the time elapsed from the arrival to the departure
instant of a B-bit. The B-Bit notion of delay is not
defined in terms of packet length, however, it does reflect
packet delay in the following sense. At a B-bit arrival
instant, the portion of the packet preceding the B-bit is
either enqueued or has undergone transmission; at a B-
bit departure instant, the portion of the packet preceding
the B-Bit has undergone transmission. Thus, B-bit delay
reflects the delay of an arbitrary packet prefix.

The expected B-bit delay under stationary conditions
is derived fromE(X̃) by Little’s Theorem. SinceA ·
E(X̃) is the expected queue length in B-bits in the buffer
at an arbitrary instant, and the B-bit arrival rate isA, the
expected B-bit delay (queueing time) isE(X̃) given in
(15)).

We now return to the former notion of delay defined
as the time elapsed from the arrival instance of the first
bit of a packet to the departure instance of the last bit of
a packet and we assume each packet comprises ofL B-
bits. We further assume that during each circuit period
there is an integral numberM of packet arrivals, i.e.,
A = M · L, and all packets are served according to the
FIFO regime.
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E(X) =
α(m0 − 1)2 + (1− α) +

∑m0−2
i=0 p(i)

[
αm0(2(i + 1)−m0)− α(i)(i + 1)2

]

2(αm0 − 1)
. (13)

Let D be the packet delay, measured in circuit periods,
defined as the time elapsed from the arrival instance
of the first bit of a packet to the departure instance
of the last bit of a packet. We now derive the packet
delay distribution for a special symmetric case. For
definiteness, assume that the packet arrival process be-
gins at the boundary of a circuit period. There areM
packets arriving during every circuit period, each having
a different delay. LetDm, 1 ≤ m ≤ M , be the delay of
a packet whose arrival begins(m−1)/M circuit periods
after a circuit boundary. The delay of an arbitrary packet
is given by

D =
1
M

M∑

m=1

Dm. (20)

The difficulty in deriving packet delay distribution is
attributable to the fact that{α(i)} is different, for every
i. Therefore, the time between two consecutive circuit
allocations is not identically distributed. To simplify the
derivation, we consider the special symmetric case, in
which α(i) = α, for every i. The derivation of delay
distribution for the special symmetric case may serve
as a guide to deriving the delay distribution for the
general case. We derive the delay distribution by way
of a computational procedure rather than a closed form
expression. The procedure produces the delay distribu-
tion histogram.

Under stationary conditions, assume a circuit period
begins at time0. That is,P (X(0) = i) = p(i), where
the set{p(i)} is derived in Subsections III-B and III-
D. The duration of each packet arrival is1/M circuit
periods. The1st packet starts its arrival at time0 and
every subsequent packetm, 2 ≤ m ≤ M , starts its
arrival upon the arrival completion of packetm − 1.
(Note that the{Dm} are statistically dependent.) First,
we derive the distribution ofD1 and then we express the
remainingM − 1 distributions recursively.

By assumingα(i) = α, the number of circuit periods
between two consecutive circuit allocations,S, is geo-
metrically distributed with a success probability ofα.
The pgf ofS is given by

GS(z) =
zα

1− z(1− α)
, |z| ≤ 1. (21)

Let τj , j ≥ 1, be the number of circuit periods
between thej − 1 and thejth circuit allocation, using
the convention that allocation0 is done at time0. The
random variables{τj ; j ≥ 1} are independent and

geometrically distributed taking values1, 2, 3, . . . .. Note
that τj includes thejth allocated circuit period used
for transmission. From (21), the pgf of the summation
τ (n) =

∑n
j=1 τj is given by[GS(z)]n.

It is now shown that an integral number of packets
reside within a buffer at every circuit period boundary.
Let b(k) be the number of packets transmitted during an
allocated circuit period, given that there arek packets at
the beginning of the circuit period. Ifk ≥ (m0−1)M , the
queue at the buffer is drained at ratem0M packets per
period, and thereforeb(k) = m0M . If k < (m0 − 1)M ,
the buffer queue is drained at ratem0M during the first
period fraction ofk/(m0 − 1)M , and at rateM during
the rest of the period, implyingb(k) = k + M . Thus,

b(k) =





m0 ·M, if k ≥ (m0 − 1)M ;

k + M, otherwise.
(22)

Consequently, at every circuit period boundary, there
is an integral number of packets whose distribution is
given by

q(k) def= p(kL), k ≥ 0. (23)

The number of circuits period needed to transmitk

packets at ratem0M is n(k) def=
⌈
k/m0M

⌉
. All, but

possibly the last circuit period, are fully used to transmit
thek packets. The utilization of the last circuit period is
given by1−frac(k), wherefrac(k) def= n(k)−k/m0M .

Let d1
m(k) (d2

m(k)) be the delay of themth arriving
packet given that there arek packets at time0 and the
first circuit period is allocated (not allocated), where1 ≤
m ≤ M .

Suppose thatk packets are present at time0. If the first
circuit period is not allocated, thek present packets and
the M first arrivals are all transmitted at rate1/m0M .
Thus, form = 1,

d2
1(k) = 1 + τn(k) + 1

m0M

+I{k ∈ Z0}(τ − 1)− I{k 6∈ Z0}frac(k)

= τn(k) + 1
m0M + I{k ∈ Z0}τ

+ I{k 6∈ Z0}(1− frac(k)),
(24)

where Z0 is the set of all positive integer multiples
of m0M ; I{E} is the set indicator function; andτ is
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an independent geometric random variable with success
probability α.

For m ≥ 2,

d2
m(k) = d2

m−1(k)− 1
M + 1

m0M

+I{k + m− 1 ∈ Z0}(τ − 1).
(25)

If the first circuit period is allocated, then (22) implies
that themth arriving packet is served in the first circuit
period if and only ifk+m ≤ m0M . Moreover, packetm
completes its transmission when it completes its arrival
if and only if the queue length drops to zero no later
than m/M . That is, if and only ifk/(m0 − 1)M ≤
m/M , which is equivalent tok ≤ (m0−1)m. Therefore,
implying the following.

For m ≥ 1 and0 ≤ k ≤ (m0 − 1)m,

d1
m(k) =

1
M

. (26)

For m ≥ 1 and (m0 − 1)m < k ≤ m0M −m, the k
present packets and the firstm arrivals are all served at
ratem0M . Since themth arrival starts at time(m−1)/M
and thek+m packets complete their transmission at time
(m + k)/m0M , we have

d1
m(k) =

m + k

m0M
− m− 1

M
. (27)

From (26) and (27) it follows that fork ≤ m0M−m,

d1
m(k) = max

{
1
M

,
m + k

m0M
− m− 1

M

}
. (28)

For k ≥ m0M − m + 1, the mth packet is not
transmitted during the first circuit period. Similar to the
derivations of (24)–(25), we have form = 1

d1
1(k) = τn(k−m0M) + 1

m0M + I{k ∈ Z0}τ

+I{k 6∈ Z0}(1− frac(k)).
(29)

For m ≥ 2,

d1
m(k) = d1

m−1(k)− 1
M + 1

m0M

+I{k + m− 1 ∈ Z0}(τ − 1).
(30)

Let di(k) = 1
M

∑M
m=1 di

m(k), i = 1, 2. From (20),

D =





d1(k), w.p. αq(k);

d2(k), w.p. (1− α)q(k).
(31)

By (24) and (25), the distribution of the random
variabled2(k) is expressed by

d2(k) = τn(k) + M+1
2m0M − M−1

2M + I{k ∈ Z0}τ

+I{k 6∈ Z0}(1− frac(k))

+ τ−1
M

M−1∑
m=1

(M −m)I{k + m ∈ Z0}.
(32)

Similar to the above derivation but using (28)–(30)
results in the following expression ford1(k).

For k ≥ m0M ,

d1(k) = τn(k−m0M) + M+1
2m0M − M−1

2M

+I{k ∈ Z0}τ + I{k 6∈ Z0}(1− frac(k))

+ τ−1
M

M−1∑
m=1

(M −m)I{k + m ∈ Z0}.
(33)

For k < m0M ,

d1(k) = 1
M

min{M,m0M−k}∑
m=1

max
{

1
M , m+k

m0M − m−1
M

}

+I{k > (m0 − 1)M}S(k)
M ,

(34)
whereS(k) is the total delay contribution of the pack-
ets transmitted during the second circuit holding time,
derived as follows.

Note that for this case we have(m0 − 1)M < k <
m0M , and packetsm = 1, . . . , m0M−k are transmitted
during the first circuit holding time and packetsm =
m0M − k + 1, . . . ,M are transmitted during the second
circuit holding time.

Let dm(k) be the delay of packetm, m = m0M −
k + 1, . . . , M , givenk packets at time0. Thus,

dm0M−k+1(k) = τ +
1

m0M
− m0M − k + 1

M
, (35)

and for2 ≤ j ≤ k − (m0 − 1)M ,

dm0M−k+j(k) = dm0M−k+j−1(k) +
1

m0M
− 1

M
. (36)

From (35)–(36),S(k) =
∑M

m=m0M−k+1 dm(k) and can
be computed by recursion.

Note that both random variables,d1(k) and d2(k),
are linear combinations of independent geometric dis-
tributions. Therefore, the conditional histogram ofD,
given k packets at a circuit boundary, can be computed
from (32)–(36). The unconditional histogram ofD is
then derived using the distribution{q(k)} as derived in
(18), (19) and (23).
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IV. A N ETWORK OF EDGE ROUTERS

Deriving the exact stationary distribution for the mul-
tidimensional Markov chain determined by an arbitrary
circuit allocation policy R is intractable. To ensure
computational tractability, consider approximating the
evolution of each buffer independently. To decouple
amongst buffers in a way that the evolution of each
buffer remains consistent with all other buffers in the
network, the stationary circuit allocation probabilities,
{αj(i)}, must be chosen in agreement with the policy
R.

For any givenR, let SR
j (i) be the subset ofSj(i),

defined in (3), whereδR
j (x) = 1. Namely, the set of

states, where bufferj comprisesi B-bits and is allocated
a circuit.

By the independence assumption and (4), the follow-
ing R-consistency equationsmust hold:

αj(i) = P
(
δR
j (X(n)) = 1 / Xj(n) = i

)

=
∑

x∈SR
j (i)

∏
m6=j pm(xm), ∀ (j, i),

(37)

wherex = (x1, x2, . . . , xJ) andpm(xm) = P (Xm(n) =
xm), 1 ≤ m ≤ J , are the stationary marginal probabili-
ties.

If (37) does hold, we say thatthe independent Markov
chains{Xj(n), 1 ≤ j ≤ J, n ≥ 0} are consistent with
policy R.

For every logical bufferj, let αj = {αj(i) ; i ≥ 0}
andα = {αj(i) ; 1 ≤ j ≤ J}. A set α is a consistent
set of allocation probabilitiesif it satisfies (37).

Since the stationary probabilities{pj(i)} depend on
αj we use the notationpj(αj , i) rather thanpj(i).

To find the consistent set of allocation probabilities,
define the transformations:

T i
j (α) =

∑

x∈SR
j (i)

∏

m6=j

pm(αj , xm), 1 ≤ j ≤ J, i ≥ 0.

(38)
The R-consistency equations(37) are satisfied if and

only if there is anα∗ such that

T i
j (α

∗) = α∗j (i), ∀ (i, j). (39)

Observe that each transformation set{T i
j (α)} is a

continuous mapping from the compact set[0, 1]|J |·(K−A)

to itself and therefore it has a fixed point by the Brouwer
fixed-point theorem [9].

To find the consistent set of allocation probabilities
α∗, we invoke the following successive substitution
algorithm with some initial setα(0):

α
(n+1)
j (i) = T i

j (α
(n)), ∀ (i, j) and n ≥ 0. (40)

Once a consistent setα∗ is found, the delay distribu-
tion using policyR is computed for every logical buffer
as given in Section III-E.

As demonstrated in the example presented in Sections
V and VII, the successive substitution algorithm is not
guaranteed to converge to the consistent set of allocation
probabilitiesα∗, furthermore, there is no guarantee that
the transformationT i

j (α) admits a unique set of consis-
tent allocation probabilities.

However, as demonstrated by all test instances consid-
ered, the successive substitution algorithm does indeed
converge to a set of consistent allocation probabilities,
which are in good agreement with a simulation model
used to verify the approximation. The successive sub-
stitution algorithm usually requires only a few iterations
to converge within a sufficiently small error criterion.
The delay evaluation framework can therefore accurately
approximate the expected B-bit delay in a fraction of the
computational time required by the simulation model.

V. A C IRCUIT ALLOCATION POLICY EXAMPLE

Let J be the set of all logical buffers. A building
block to define general circuit allocation policies is a
maximal transmission (MT)set. An MT set is a subset
Ji of J , satisfying: (i) all buffers inJi can be allocated
a circuit concurrently without resulting in data loss; (ii)
there is no superset ofJi that satisfies (i). Allocating
circuits to a set of buffers that does not define an MT
set is suboptimal.

The set of all MT sets, denoted byJ ∗ = {Ji ⊆
{1, 2, . . . , J} ; 1 ≤ i ≤ N}, can be mapped to a
realizable network consisting of a topology and routing
policy. Restrictions are not imposed to avoid overlapping
MT sets. In particular, a bufferj may reside in more than
one MT set.

A general circuit allocation policy is one that selects
a single MT set at every circuit period based on some
measurable information about all buffers. Any determin-
istic stationary policy allocating an MT set as a function
of all queue lengths defines a weighted time division
multiplexing (TDM) policy and results in a periodic
Markov chain. The performance of these policies have
been analyzed elsewhere [13] and not considered herein.

Here, we demonstrate the delay evaluation frame-
work for the following threshold randomized policy
implemented with the aid of a common pseudo random
number generator. Each MT setJi, is associated with
a triplet (ti, ξ1

i , ξ2
i ), where ti is a threshold value and

ξ2
i > ξ1

i are positive weights.
An MT set constellation is a binary vectorb =

(b1, b2, . . . , bN ), where bi = 0, if and only if
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∑
j∈Ji

Xj(n) ≤ ti. Let ξi(bi) = ξ1
i , if bi = 0; and

ξi(bi) = ξ2
i , if bi = 1

The policy is defined as follows:For every given MT
set constellationb, MT setJi is selected with probability
ξi(bi)/

∑N
l=1 ξl(bl).

A distributed implementation requires to pass around
the constellation vector and to use the same pseudo
random generator in all buffers. The latter guarantees
that exactly one MT set is chosen for each constellation.

For every j, let Nj be the set of all MT sets not
containing bufferj; Nj be its cardinal number;Yj be
the number of MT sets not containingj, where each
one of them has a total buffer size less than or equal
to its corresponding threshold; andZj(i) be the number
of MT sets containingj, where each one of them has a
total buffer size less than or equal to its corresponding
threshold, givenXj(n) = i.

Given the currentα and the eventsYj = y and
Zj(i) = z,

αj(i, y, z) def= T i
j (α, y, z) =

zξ1 + (N −Nj − z)ξ2

(z + y)ξ1 + (N − z − y)ξ2
.

To uncondition the eventsYj = y andZj(i) = z, given
the currentα and the buffer independent assumption, we
invoke the Central Limit Theorem and use the following
Gaussian approximation to computeP (Yj = y) and
P (Zj(i) = z).

SinceYj =
∑

l∈Nj
(1−bl), it can be approximated, for

a large value ofNj , by a Gaussian random variable with
mean

∑
l∈Nj

pl and variance
∑

l∈Nj
(1− pl)pl, where

pl = P


 ∑

k∈Jl

Xk(n) ≤ tl


 .

Similarly for Zj(i), sinceZj(i) =
∑

l 6∈Nj
(1 − bl), it

can also be approximated, for a large value ofN −Nj ,
by a Gaussian random variable with mean

∑
l 6∈Nj

ql and
variance

∑
l 6∈Nj

(1− ql)ql, where

ql = P


 ∑

k∈Jl\{j}
Xk(n) ≤ tl − i


 .

When an MT set contains a large number of buffers,
the probabilitiesP

( ∑
j∈Ji

Xj(n) ≤ ti
)

can also be
approximated by a Gaussian distribution. The required
first two moments are computed from the stationary
distributions of the individual buffers.

Finally,

αj(i) =
∫

y

∫

z

αj(i, y, z)dFYj
(y)dFZj(i)(z),

whereFYj
(y) and FZj(i)(z) are the respective Gaus-

sian random variables. The integral is numerically eval-
uated using a ‘continuity correction’ to account for the
fact thatYj andZj(i) are discrete random variables.

VI. A DAPTIVE CIRCUIT ALLOCATION AND

IMPLEMENTATION ASPECTS

To ensure computational tractability, the delay eval-
uation framework approximates the evolution of each
buffer independently. Thus, allowing asynchronous cir-
cuit allocations of fixed durations does not invalidate
the analysis derived in Sections III and IV. The circuit
allocation policy, however, needs to be dynamic. That
is, upon a circuit period completion, the policy must be
capable of allocating one or more new circuits given that
a set of circuits have been assigned.

An implementation of a circuit setting black box
requires queue length monitoring and messaging to feed
the allocation policy. Whether implemented centrally
or distributively, a latency between the time stamps
of the monitored queue lengths and the circuit setup
time will always occur. Thus, a queue length prediction
problem rises. In a system where our fluid traffic model
applies, the predication problem is trivial since input
and transmission rates are determined from the allocated
circuits (which are known). Since the rates are fixed, the
queue length at any moment in the future is known in
advance.

A useful extension to the framework in Section II
is a allow policies where the circuit allocation period
may depend on the queue length. Specifically, for every
queue lengthX(n) = i, a circuit is allocated with
probability α(i) and the allocated circuit period is of
length t(i), which is specified in circuit periods. With
probability (1 − α(i)), the allocation attempt fails and
another attempt is made afterb circuit periods. (Here we
adopt the same notations and definitions as in previous
Sections.)

An interesting case is an exhaustive policy obtained
from the functiont(i) = i/(K −A). Here, the allocated
duration is selected to exactly clear the B-bits in the
queue and those that will arrive during the allocation
time. Note that with this policy, if a current allocation
attempt is successful, then the queue length drops to zero
at the next allocation attempt. Thus, to prevent artificial
steps of length zero, we fixα(0) = 0. Moreover, since an
unsuccessful allocation attempt is followed by another
attempt afterb circuit periods, lettingα(i) be state
dependent is redundant. Therefore, we confine ourselves
to the case whereα(i) = α for i > 0.

To derive an expression for packet delay, the Markov
chain with states given by the embedded points at which
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circuit allocation attempts are made is considered.
With the exhaustive policy above, the single queue

length, (X(n), n ≥ 0), evolves as follows. Given
X(n) = i > 0,

X(n + 1) =





0, w.p. α;

i + bA , w.p. 1− α.
(41)

Given X(n) = 0,

X(n + 1) = bA. (42)

The expected drift in the process state in one transition
is E[X(n + 1) − X(n)/X(n) = i] = (1 − α)bA −
αi (for i > 0), which is strictly negative ifi > (1 −
α)bA/α. Thus, by the Foster-Lyapunov drift criterion
[4], the Markov chain is positive recurrent.

Under stationary conditions, the derivation of the pgf
is simple and yields

G(z) =
α[1− p(0)(1− zbA)]

1− (1− α)zbA
, |z| ≤ 1. (43)

To findp(0), notice that the queue length drops to zero
only after a successful allocation attempt, after which the
queue length rises tobA in the following step. From that
step forward, independent allocation attempts are made
every b circuit periods, each with a probability ofα of
succeeding. Thus, the expected return time to state zero
is 1 + 1/α. By definition, we have

p(0) =
1

1 + 1/α
=

α

1 + α
.

The expected queue length at the embedded points
is given by the derivative ofG(z) evaluated atz = 1.
Simple calculation yields:

E(X) =
αbA

1 + α
. (44)

Under stationary conditions, the time average queue
length, E(X̃), can be derived based on the following
observation. For every given stateX(n) = i > 0, with
probability α, the queue length decreases to zero at rate
1/(K − A); with probability 1 − α, it increases toi +
bA at rateA. For stateX(n) = 0, the queue length
increases tobA at rateA. Considering a simple triangle
and rectangular area calculation yields

E(X̃) = α2b2A
2(1+α) + α

2(K−A)E(X2)

+
(
E(X) + bA

2

)
(1− α)b.

(45)

The time average queue length,E(X̃) in (45) is ex-
pressed in terms ofE(X) andE(X2), where the former
is given by (44). The second moment,E(X2), can be

derived either from the2nd derivative of G(Z), or by
representing the one step evolution ofX2(n + 1) in a
similar manner as in (41)-(42) and equating the expected
values in both sides. This latter procedure is less tedious
and provides the equation:

E(X2) =
(αbA)2

1 + α
+(1−α)

[
E(X2) + (bA)2 + 2bAE(X)

]
.

(46)
ReplacingE(X) in (46) with the right hand side of (44)
yields the following closed form expression:

E(X2) =
[1 + 2α(1− α)](bA)2

α(1 + α)
. (47)

By Little’s Lemma, the time average queueing delay
of an arbitrary B-bit isE(D̃) = E(X̃)/A. The packet
delay distribution can be obtained in a similar manner
as in Section III-E.

VII. N UMERICAL EXAMPLES

A diverse collection of symmetric, asymmetric and
randomly generated networks are defined to serve as test
instances for the delay evaluation framework. A discrete
event simulation model is used to quantify the error
introduced by approximating the evolution of each buffer
independently.

For the purpose of numerical evaluation, test instances
are specified by a collection of MT sets. Each test
instance, or collection of MT sets, can be mapped to a
realizable network consisting of a topology and routing
policy. However, the network itself is irrelevant, only the
collection of MT sets is of concern.

All test instances entail 100 buffers and 400 MT sets;
that is, J = 100 and N = 400. Test instances are
distinguished by the following two attributes:

(i) the cardinality of each MT set; and
(ii) the number of MT sets resided in by each buffer.

To reduce the number of free parameters:m0
j = m0,

1 ≤ j ≤ 100; ξ2
i /ξ1

i = 10, 1 ≤ i ≤ 400; and ti = |Ji|,
1 ≤ i ≤ 400. In words: the proportionality between the
arrival bit rate and the service bit rate is the same for all
buffers, the ratio between the upper and lower weights
is 10 for all MT sets, and the threshold of an MT set is
chosen as its cardinality.

Test instances are classified as symmetric (S), asym-
metric (A) and random (R). In a symmetric test instance,
the cardinality of all MT sets is equal and all buffers
reside in an equal number of MT sets. An asymmetric
test instance allows the cardinality of each MT set and
the number of MT sets resided in by each buffer to vary
in a strictly deterministicmanner. Finally, a randomly
generated test instance is such that the cardinality of each
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MT set and the number of MT sets resided in by each
buffer varies according to a statistical distribution. For all
test instances, MT sets are necessarily unique. An integer
programming approach is used to ensure the feasibility
of all symmetric and asymmetric test instances, in which
not all combinations of attributes (i) and (ii) are feasible.

Test instances are chosen to reflect the full range
of accuracies that may be expected with the delay
evaluation framework and are defined in the following.

(S1) Each of the 100 buffers resides inn, n =
160, 200, 240, of the 400 MT sets. Thus, the car-
dinality of each MT is given by100n/400; that is,
a cardinality of 40, 50 and 60, respectively.

(A1) Each of the 100 buffers resides in 240 MT sets. The
400 MT sets are evenly divided such that 200 are of
cardinality 40, and 200 are of cardinality 80. Thus,
each buffer resides in 80 MT sets of cardinality 40,
and 160 MT sets of cardinality 80.

(A2) A variation of (A1). Each of the 100 buffers resides
in 180 MT sets. The 400 MT sets are evenly divided
such that 100 are of cardinality 30, 100 are of
cardinality 40, 100 are of cardinality 50 and 100
are of cardinality 60.

(A3) Of the 100 buffers, 50 reside in 240 MT sets, and
50 reside 160 MT sets, referred to asClass 1and
Class 2buffers, respectively. Thus, the cardinality
of each MT set is 50 and the composition of each
MT set is such that 30 of the 50 buffers reside in
240 MT sets and 20 of the 50 buffers reside in 160
MT sets.

(R1) Each of the 100 buffers resides in a random number
of MT sets according to the discrete uniform distri-
bution on the interval[160, 240]. Thus, the expected
MT set cardinality is 50. Buffers are randomly
allocated to MT sets and it is ensured each MT
set is unique.

(R2) Of the 100 buffers, 50 reside in a random number
of MT sets according to the discrete uniform distri-
bution on the interval[230, 240] and 50 according
to the discrete uniform distribution on the interval
[160, 170], referred to asClass 1 and Class 2
buffers, respectively. Thus, the expected MT set
cardinality is 50.

For each test instance, the expected B-bit delay, which
quantifies the expected queueing time of an arbitrary B-
bit, E(D), is computed both, by the delay evaluation
framework in (15), and by the simulation model. The
results are plotted as a function ofm0, m0 = 3, 4, 5, 6, 7.
Recall thatm0 is the ratio of the service bit rate to the
arrival bit rate. The expected B-bit delay is expressed in
units of circuit periods. Plots generated by the simulation

model are shown within 95% confidence intervals. For
random test instances, the expected B-bit delay is quan-
tified as an average across 3 independent trials. Plots are
shown in Figs 1-5.

All test instances demonstrate that the expected delay
generated by the evaluation framework and simulation
model are in good agreement, particularly for a high
load, which is represented bym0 = 3.

For larger values ofm0, the quality of the error margin
varies and the analytical frameworks always provide an
upper bound. Specifically, an error margin of less than
1% is attained form0 = 3. The maximum error margins
for all test instances are given in Table I. Observe that
test instances, in which all buffers do not reside in the
same number of MT sets, such as test instances (A3) and
(R2), give rise to the greatest error margin.

Five approximations contribute to the error margin,
they are as follows:

(i) approximating the evolution of each buffer inde-
pendently;

(ii) approximating the probabilityP (Yj = y), for each
buffer j, with a normal distribution;

(iii) approximating the probabilityP (Zj(i) = z), for
each bufferj and buffer sizei, with a normal
distribution;

(iv) approximating the probabilityP (
∑

k∈Jl
Xk(n) ≤

t), for each MT setJl, with a normal distribution;
and,

(v) approximatingα(i) = α for i ≥ m0 − 1.

Secondary approximations, such as assuming integral
arrival and service bit rates, are implemented in the
simulation model, and thus do not contribute to the error
margin.

By normal approximation, it is meant the Central
Limit Theorem is invoked to approximate the distribution
of a sum of independent random variables. The normal
approximation is accurate if the number of MT sets is
sufficiently large and the number of buffers residing in
each MT set is sufficiently close to half the total number
of MT sets. The accuracy of the normal approximation
is compromised if the number of MT sets is small, in
which case the probabilitiesP (

∑
k∈Jl

Xk(n) ≤ t) will
be poorly approximated, or if the number of buffers
residing in each MT set is either small or almost equal
to the total number of MT sets, in which case the
probabilitiesP (Zj(i) = z) and P (Yj = y) are poorly
approximated, respectively. The normal approximation
may be avoided in such instances where the number of
buffers residing in each MT set is small, by computing
the appropriate probabilities exactly by summing over
all possible permutations.
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Approximatingα(i) = α, for i ≥ m0 − 1 introduces
error, if the thresholdt ≥ m0 − 1. For example, if
t ≥ m0−1, P (Zj(m0−1) = z) 6= P (Zj(t+1) = z) = 0,
however,α(m0 − 1) = α(t + 1) = α, sinceα(i) = α,
for i ≥ m0 − 1. Therefore, if t ≥ m0 − 1, α is
approximated such thatα =

∑K
i=m0−1 p(i)α(i), where

p(i) = p(i)∑K

i=m0−1
p(i)

and K À m0 − 1 represents a

numerical truncation point.
To quantify the error introduced by approximatingα

as such, three symmetric test instances are defined, in
which the normal approximations are avoided by consid-
ering only 12 buffers residing in MT sets of cardinality
c, c = 5, 6, 7. The expected B-bit delay,E(D), is plotted
as a function of the thresholdt, t = 0, 1, . . . , 7, for
m0 = 4 in Fig. 6. Observe the increased error margin
for t ≥ m0 − 1 = 3. For t ≤ m0 − 2 = 2, the
error margin is less than one percent and is completely
attributable to approximating the evolution of each buffer
independently.

As shown in Figs. 1-5, the expected B-bit delay is
monotonic in the proportionality between the arrival and
service bit rate,m0. For most test instances, the expected
B-bit delay is less than one circuit period form0 = 6, 7,
indicating a bit is transmitted in its arriving circuit period
with high probability. The expected B-bit delay is not
plotted form0 = 1, 2, 3, because the underlying Markov
chain is not ergodic for some test instances givenm0 ≤
3.

Test Instance Max Error Margin
(S1) n = 160 0.36%
(S1) n = 200 6.6%
(S1) n = 240 1.6%
(A1) 13.9%
(A2) 6.4%
(A3) Class 1 24.5%
(A3) Class 2 24.1%
(R1) 5.8%
(R2) Class 1 2.2%
(R2) Class 2 9.3%

TABLE I

MAXIMUM ERROR MARGIN

VIII. C ONCLUSIONS

A general framework was provided for evaluation of
packet delay distribution in an optical circuit-switched
network. The framework offers sufficient flexibility to
allow arbitrary provisioning of QoS and adaptive RWA.
The framework was based on a fluid packet arrival and
service rate model, in which packets are assigned to a
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Fig. 1. Test instance (S1). Expected B-bit delay as a function of
proportionality between arrival bit rate and service bit rate.
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Fig. 2. Test instance (A1) and (A2). Expected B-bit delay as a
function of proportionality between arrival bit rate and service bit
rate.

buffer of an edge router, based on QoS and destination,
and enqueued.

Two types of circuit allocation policies were integrated
into the framework. First, circuit holding times were of
fixed duration and allocated at the boundary of fixed
time frames (‘limited’), and second, circuit holding times
were adaptive to buffer size such that the holding time
was sufficient to empty a buffer (‘exhaustive’).

The framework approximates the evolution of each
queue length independently. ‘Slack variables’ were in-
troduced to decouple amongst buffers in a way that
the evolution of each queue length remains consistent
with all other queue lengths in the network. The exact
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Fig. 3. Test instance (A3). Expected B-bit delay as a function of
proportionality between arrival bit rate and service bit rate.
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Fig. 4. Test instance (R1). Expected B-bit delay as a function of
proportionality between arrival bit rate and service bit rate.

delay distribution was derived for a single buffer and
an approximation was given for a network of buffers.
The approximation entailed finding a fixed point for the
functional relation between the ‘slack variables’ and a
specific allocation policy.

An analysis of a circuit allocation policy, in which
circuits are probabilistically allocated based on queue
lengths, was given as an illustrative example. The frame-
work was shown to be in good agreement with a discrete
event simulation model.
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Fig. 5. Test instance (R2). Expected B-bit delay as a function of
proportionality between arrival bit rate and service bit rate.

0 1 2 3 4 5 6 7

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

Threshold, t

E
xp

ec
te

d 
D

el
ay

, E
(D

)

c = 5  

c = 6  

c = 7  

Framework 

Simulation 

Framework 

Simulation 

Simulation 
Framework 

Fig. 6. Effect of varying threshold. Expected B-bit delay as a
function of threshold,t. Observe the increased error margin for
t ≥ m0 − 1 = 3.

APPENDIX

A. Derivation ofG(z)

Using (8), the state relabelling, the definition ofG(z)
and the fact thatα(i) = α for i ≥ m0 − 1, G(z) can be
separated into the following two summations:

G(z) =
m0−2∑
i=0

[α(i)z(i+1−m0)+ + (1− α(i))zi+1]p(i)

+
∞∑

i=m0−1
[αz(i+1−m0)+ + (1− α)zi+1]p(i).

For the first summation,i + 1−m0 < 0, and for the
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second summation,i + 1−m0 ≥ 0, thus

G(z) =
m0−2∑
i=0

[α(i) + (1− α(i))zi+1]p(i)

+
∞∑

i=m0−1
[αzi+1−m0

+ (1− α)zi+1]p(i).

Multiplying by zm0−1 and rearranging the second
summation yields

G(z) =
m0−2∑
i=0

[α(i) + (1− α(i))zi+1]p(i)

+(αz1−m0
+ z − αz)

∞∑
i=m0−1

p(i)zi.

Since
∑∞

i=m0−1 p(i)zi = G(z) − ∑m0−2
i=0 p(i)zi, the

second summation can be written in terms ofG(z) giving
the following implicit equation forG(z),

G(z) =
m0−2∑
i=0

[α(i) + (1− α(i))zi+1]p(i)

+(αz1−m0
+ z − αz)

(
G(z)−

m0−2∑
i=0

p(i)zi

)
.

Elementary rearrangements give

G(z) =

m0−2∑
i=0

[α(i)zm0−1 − αzi + (α− α(i))zm0+i]p(i)

zm0−1 − α− zm0 + αzm0 .

B. Properties ofG(z)

First we show that the denominator ofG(z) hasK−A
distinct zeros. Represent the denominator ofG(z), h(z),
as a sum of the two functionsf(z) = zK−A andg(z) =
−(α + (1− α)zK).

Clearly, f(z) has a single zero of orderK − A at 0.
Furthermore, for everyz on the unit contour|z| = 1,

|g(z)| ≤ |f(z)| (48)

and the derivatives off(z) and g(z) satisfy df(Z)
d|z| =

K −A and dg(Z)
d|z| = (1− α)K, respectively.

From the ergodicity condition (9),df(Z)
d|z| > dg(Z)

d|z| on
the contour|z| = 1. Combined with (48), it follows that
|g(z)| < |f(z)| for everyz on any contour|z| = 1 + δ,
where δ > 0. Invoking Rouche’s Theorem,f(z) and
f(z)+g(z) have the same number of zeros within every
contour |z| = 1 + δ, whereδ > 0. That is, within and
onto the unit disk|z| = 1. Sincef(z) hasK −A zeros,
so does the denominator ofG(z), h(z) = f(z) + g(z).

Next we show that all zeros must be distinct (i.e.,
of order one). Suppose in contradiction that they are not

distinct. Then the derivative ofh(z) at any multiplicative
must vanish. However, the derivative ofh(z), h′(z), is
given by: positive in|z| ≤ 1:

|h′(z)| = |(K −A)zK−A−1 − (1− α)KzK−1|

≥ |(K −A)zK−A−1| − |(1− α)KzK−1|

= (K −A)|z|K−A−1 − (1− α)K|z|K−1.

It is easily verified that the ergodicity condition (9) is
equivalent to|h′(z)| > 0, for everyz in |z| ≤ 1. Thus,
all zeros are distinct.
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