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Abstract— A general framework is provided for eval- core network. Edge routers are located at the periphery
uation of packet delay distribution in an optical circuit- of the core network and given the task of assembling
switched network. The framework offers sufficient flex- and disassemb"ng many data streams arriving from or
ibility to allow arbitrary provisioning of quality of ser-  gegtined to users connected to the core network via
vice (QoS), routing and wavelength assignment (RWA) access networks. For such a task, edge routers possess
algorithms. The framework consists of a fluid traffic . o .

buffering capabilities, and from the viewpoint of the core

model, packet queueing at edge routers, and circuit- . N
switched transmission between edge routers. Packets areN€fWork, may be considered as source and destination

assigned to buffers according to their destination, QoS, nodes.

physical route and wavelength. At every decision epoch, a An AON transmits data streams by way of all-
subset of buffers are allocated to end-to-end circuits for optical lightpaths established usimgavelength division
transmissions, where circuit holding times are based on multiplexing (WDM). Data remains in the optical do-
limited and exhaustive circuit allocation policies. To ensure main throughout transmission from source to destination.
computational tractability, the framework approximates  yq\yever, signaling and switching functions may occur in
the evolution of each buffer independently. ‘Slack vari- the electronic domain. The primary advantage of an AON

ables’ are introduced to decouple amongst buffers in a way . that data st d t und tical-electrical
that the evolution of each buffer remains consistent with all 'S thal data streams do not undergo optical-electrical-

other buffers in the network. The exact delay distribution OPtical (OEO) conversion, which increases end-to-end
is derived for a single buffer and an approximation is latency.
given for a network of buffers. The approximation entails Next generation dense-WDM (DWDM) fiber technol-
finding a fixed point for the functional relation between ogy is likely to offer a single fiber containing hundreds
the ‘slack variables’ and a specific circuit allocation policy. of wavelength channels, each modulated1at Gb/s.
An analysis of a specific policy, in which circuits are pHence, links with a total capacity of tens of Tb/s may
o s o w0 atched 0 a sinle cor router requiing swiching
in good agreement with a discrete event simulation model. capacity not available by present day elegtronlcs. Con-
sequently, bufferless core routers are envisaged, where
all data queueing is shifted to the edge routers. An AON
architecture motivates the framework considered herein.
l. INTRODUCTION Any network deployment is a tradeoff between cost
The advancement of optical technology in recent yeaaad performance implying some amount of packet loss
[1] positions theAll-Optical Network (AON)s a viable and/or queueing delay, depending on the edge router
option for core backbone networks. An AON consistarchitecture. Since substantial data buffering in core
of core routers interconnected by fiber links carryingputers is not a valid option in an AON, route reservation
hundreds of wavelength channels, referred to as tpecedures should not mandate buffering at core routers.



Two such route reservation procedures are as followswhose entries represent different traffic demands. This

The first is a one-way reservation procedure known agpports a network model, where an RWA algorithm is
tell-and-go [15], in which a reservation request is seregarded as a black box.
before the data is transmitted. Then, without waiting The rest of this paper is organized as follows. In
for an acknowledgment, the data is transmitted aft®ection I, we formulate the general problem and define
some predefined offset time. Two tell-and-go procedurtdt® model. Sections 1l and IV are devoted to the delay
have gained the most attention. One is just-in-time (JI€yaluation framework. The exact delay distribution is
[14] and the other is just-enough-time (JET) [10]. Inlerived for a single buffer in Section Ill and an ap-
both reservation procedures, packets with a commproximation is given for a network of buffers in Section
destination are aggregated in the edge routers into latye The framework is illustrated by an example of an
transmission units called bursts, each transmitted sepaA algorithm in Section V, and model extensions
rately. This approach is known agtical burst switching are explained in Section VI. In Section VII we present
(OBS) numerical data validating our illustrative example and in

The other reservation procedure is classical two-w&gection VIII, we draw our conclusions.
reservation [2], [3], [16], in which data transmission does
not commence until the edge router receives acknowl- Il. MODEL FORMULATION
edgement of all resource reservations. Our objective is to develop a framework for evaluation

With one-way reservation, transmitted data can laf packet delay distribution in OCS networks, which
blocked by any core router along its route. Thus, a majoffers sufficient flexibility to allow arbitrary provisioning
performance measure is blocking probability, which hag QoS, arbitrary network topology and arbitrary RWA
been derived for various reservation procedures [12]gorithms. To this end, we considémata streams, each
With two-way reservation, blocking at core routers iassociated with a source-destination pair of edge routers,
averted by delaying data transmission until the ed@®S class, a route and wavelength assignment sequence
router receives acknowledgement of all resource resBbm the source to the destination, and other external
vations, and thus, the main performance measureclassifications. Data packets from stream < j < J,
queueing delay at the edge routers. that cannot be transmitted immediately are queued in

The focus of this paper is to provide a generdbgical buffer; at its corresponding source edge router.
framework for evaluation of packet delay distribution A circuitin our framework is a unidirectional lightpath
in an optical circuit-switched network. The frameworlconnecting a pair of source-destination edge routers
offers sufficient flexibility to allow arbitrary provisioning capable of transmittingC’ b/s uninterruptedly for a
of quality of service (QoS), routing and wavelengtperiod of ' seconds. A circuit is set up by selecting a
assignment (RWA) algorithms. As explained in Sectiomnidirectional route between the source-destination pair
I, optical circuits may have a more complex structurand allocating a dedicated sequence of wavelengths and
than circuits in the classical models [7]. Thus, theswitching resources along the selected route as dictated
will be referred to asoptical circuit-switched (OCS) by the given RWA algorithm. The wavelength sequence
networks. must be aligned with the wavelength conversion rules

Performance of circuit-switched networks has beerlong the route.
studied only with respect to blocking probabilities, e.g., Circuits are allocated to the logical buffers using a
[7]-[8]. The study in [7] is concerned with routing datgpolicy R based on the queue lengths at all logical buffers.
or voice in a classical circuit-switched network and th& strict requirement of a circuit allocation policy is that
studies in [11] and [8] are concerned with RWA in opticadny allocated set of circuits can serve their associated
circuit-switched networks. In these studies, blockiniguffers concurrently and continuously. That is, their
probabilities have been derived using the reduced-lolightpaths are disjoint. When a circuit is allocated to a
fixed point approximation based on solving Erlanggical buffer, it is drained at a maximum rate 6fb/s.
formula, under the assumption blocking events occihn allocated circuit that is not reselect&dseconds after
independently on each link. its allocation is torn down.

It is worth noting, maximizing the carried traffic in a The assumption that circuits are selected in a synchro-
circuit-switched network with an arbitrary topology anahized manner and at fixed time intervals does not impose
an arbitrary RWA algorithm given a static traffic demandimitations on our framework. Neither is the assumption
can be formulated as an integer linear program [5] [1Xhat a circuit period must be of a fixed length. In Section
Although the integer linear program is in NP, its solutioWl, we explain how to extend our analysis to variable
can be carried out off line and then used in a lookup takt@cuit lengths and asynchronized allocations.
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Circuit setup begins by evaluating all queue lengths (i, n) = P (5f(X(n)) =1|X(n)e Sj(z')) . 4
and then a circuit allocation policyk is called to _ _
compute the set of circuits, which can be allocated '€ marginal procesgX;(n), n > 0) is not Marko-
concurrently. If the edge routers are time synchronize§@n- Nevertheless, its evolution in time can be ex-
the overall procedure can be implemented centrally Bfessed in the probability space of the Markov chain

distributively. (X (n), n > 0) as follows. By (2), givenX(n) = i, we
Assume that bits arrive at each logical bufjeaccord- Nave

ing to a continuous fluid stream with an integral constant i+ A; — K|, w.p. a;(i,n);

bit rate of A; b/s. Considering the expected Th/s natureX;(n + 1) =

of multiplexed input streams, such a fluid approximation i+ A, w.p. 1 —a;(i,n),

is a natural traffic model. Modelling data transmission (5)

as a continuous fluid stream is also tangible due to tf@ every1 < j < J, where ‘w.p.’ stands for ‘with
nature of an optical circuit, in which an arriving bit caprobability’.
be served on-the-fly without waiting for its encapsulating The Markov chain(X (n), n > 0) may or may not
data packet. be periodic, depending on the allocation poliBy For
Without loss of generality, we normalize all rates binstance, ifR allocates circuits based on a deterministic
dividing them by their largest common integral denonset function of the queue length vectar (i.e., a de-
inator, say B. Henceforth, we refer to a unit of3 terministic stationary policy), then the resulting Markov
bits as ‘B-Bit’ and letK and {A; ,1 < j < J} be chain is periodic. For these policies, periodicity follows
the normalized lightpath transmission and arrival raté®m the deterministic fluid arrival processes and the fact
(in ‘B-bits per circuit period’), respectively. We furtherthat only a finite number of states can be visited by
assume that everyl; is an integral fraction of<'. That the Markov chain under appropriate positive recurrent
is, there are integer&ng?} such that conditions. The performance of circuit allocation policies
under which the Markov chain is periodic have been
exactly analyzed elsewhere [13] and not considered
Also, without loss of generality, we assume thHat= herein.
1, and transmission and arrival rates are specified inlf the Markov chain(X (n), n > 0) is aperiodic and
circuit periods. To summarize, time units are specifigtPsitive recurrent (i.e., has a stationary state distribution
in circuit periods and data units in B-bits (normalizeéinction), the probabilities{a;(i,n)} under stationary
bits). conditions exist and are independentgf but do de-
Let n denote a circuit switching decision epochpend on the entire system state. Thus, under stationary
X;(n) denote the queue length (in ‘B-bits’) in logicalconditions, (5) translates into

K =mjAj, Vj. (1)

buffer j at epochn, 1 < j < J, and X(n) = i+ A — K'Y, w.p. a;(i);
(Xi1(n), X2(n),..., X (n)) denote the system state atX,(nJrl) _ (6)
epochn, n=0,1,2,.... ! : , »
_ L _ _ . i+ A;, w.p. 1 — (i),

Given a circuit allocation policyR, let 6™(z) =
(6f(x), 65 (x), ..., 8% (x)) be a binary vector indicating given X;(n) = i.
which of the logical buffers are allocated circuits at state According to (6), it may be suggested that the station-
X(n) = x def (21,29, ...,2,). That is,éf(a:) is 1 or ary distribution of a Markov chain evolving according
0 depending on whether or ndt allocates a circuit to 0 (6) with probabilities{a;(i)} can approximate the
logical buffer j at statex, respectively. multidimensional Markov chaifX (n), n > 0). The

The procesg X (n), n > 0) is a Markov chain and Probabilities {;(i)} may be regarded as ‘slack vari-

each of its component&; (n) evolves according to ~ ables’.
N The concept underpinning our approximation is as

Xj(n+1)=[X;(n)+ 4; —6f(®)K]", (2) follows. For every logical bufferj, consider a one
dimensional Markov chain evolving according to (6)
gpd independently of the other buffers. In the original
multidimensional process, thé sets of allocation prob-
abilities{a;(7)}, 1 < j < J, are clearly inter-dependent.
Therefore, theJ sets of allocation probabilities must be
resolved in a way that consistency is maintained across
Si(i) ={x; X(n)==a,X;(n) =1} (3) all sets. The consistency conditions give rise to a set of

where[y]t = max{0,y}.

Let S;(i) be the set of system states, where logic
queuej comprises ofi B-bits and leta;(i,n) be the
probability that algorithmR allocates a circuit to buffer
J at epochn given thatX (n) € S;(i). That is,
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fixed-point equations, each of which describes one of thedeed, assuming (9) holds, the expected drift in one
one-dimensional Markov chains, assuming they evol#ansition is
independently. ) _ 0
. . E[X 1)— X X(n)=il=1- <0,
In the next section, we derive the queue length and [X(n+1) (n)/X(n) =1 am

the packet delay distributions in a generic single bufféer @ > m" — 1. Thus, by the Foster-Lyapunov drift
evolving according to (6). criterion [4], the Markov chain is ergodic.

B. Queue length probability generation function

I11. A SINGLE LOGICAL QUEUE . ) i
The probability generation function (pgf) under sta-

A. Definition and ergodicity tionary conditions,G(z) = lim,_..c E[zX™], |2| < 1,
For notational clarity, we omit the logical buffer indexs derived in Appendix A and is given by

J in this section and denote a generic one-dimensional m—2 . , .

queueing system b{X (n), n > 0). Assuming indepen- > [(a(i)2™ = @zt) + (@ — a(i)z™ ]p(i)

dent evolution of the marginal processes(&f(n), n > G(z) = = P -y :

0), (1) and (6) imply that giverX (n) = 1, (10)

wherep(i) is the stationary probability of havingd B-
bits in the buffer.
The pgfin (10) is expressed by a function of thé—1
boundary probabilitieg(i),i = 0, 1,...,m°—2, that are
04 are the arrival and transmissior?€t t0 be determined. Stgn_dard appl_ication of_ unche’s
Theorem and the analyticity off/(z) in the unit disk
< 1 yield these boundary probabilities (see [6, pp.

[i+A— mOA]+, w.p. a(i);
X(n+1) = @)
1+ A, w.p. 1 — a(i),

whered and K =m
rates, respectively.
The upper event in (7) represents an allocated circiﬁﬂ
period and the lower event represents an unalloca '124],)' , .
period. Observe that after every unallocated circuit pe_SpemﬂcaIIy, as we pr%ve N Ap_pendlx B, th_e _de-
riod, the queue length increases Hyand after every nominator OfG(z.> h.aSm -1 dISt!nCt zeros within
allocated circuit period, the queue length decreases ¥ on_tp. the l,m',t diskz| < 1. 3-0 find the bou_ndary
min{i,(m® — 1)A}, wherei is the queue length atP Obap”.'t'eSp(Z)’Z =01....m -2 we exploit the
the beginning of the circuit period. Consequenftyn) analyticity of G(z) in the unit disk|z| < 1. Namely,
assumes only integral multiples of. That is, its state the numerator ofz(z) must be zero for every zero of

space is{id : i — 0,1,2,...}. Without loss of gener- its denominator within the unit disk. One zero of the
ality, we relabel the process states and denote themd&}]

ominator is clearly for which all the coefficients of
the set of non-negative integers, with the convention t

) in the numerator are zero and therefore useless. All
0_ _ 0_
X(n) = i denotesiA B-bits reside in the queue. WithChe"" —2 zeros, denoted by, m =1,2,...,m —2,

relabelling, (7) becomes

are within the unit disk and define the followimg® — 2
linear equations:

i+1-m%", wp. a(i); mo—2 4 '
X(n+1) = ® 3 [z ! — @) + (@— al@)z Tp(i) =0,
1+ 1, w.p. 1—a(i). i=0 (11)
Since the transmission rate fo¢(n) > (m" — 1) is m=1,2,...,m0—2.
K, it is reasonable to set(i) = @ for i > m® — 1. We o _ o
further have < a(i) < 1. Another equation is obtained from the normalization

Given that we consider only policie under which condition G(1) = 1. Applying L'hopital’s rule to (10),

the multidimensional Markov chaiX (n), n > 0) is We have
aperiodic, we may restrict attention to aperiodic one- 0— N e 0
dimensional Markov chaingX (n), n > 0). Since there Z [m'a — A +)a(@)p() =am” 1. (12)
is a positive probability to return to state zero from Zfo 0 _

any other state it can be shown that the Markov chagfluations (11)—(12) form a set @t” — 1 independent
is irreducible and aperiodic. A necessary and sufficielftéar equations whose solution determipg),i =

m°—2

condition for ergodicity is 0,1,...,m°—2. The independence is verified by check-
ing the positivity of the corresponding determinant as in
am®> 1. (9) [6, pp. 121-124].



Once the boundary probabilities are determin@;)

is completely specified. The stationary probabilities,
o and the ex-

{p(i)}, are given byp(i)il = “°FE|
pected queue length under stationary conditidngX),
is given by F(X) = d?if)

derived by taking higher derivatives at= 1.

It is well known that moment and probability deriva-
tions fromG(z) are very tedious. In the next subsections,

we apply simpler methods to derivé(X) andp(i) for
i>md—1.

C. Expected queue length

|.=1. Higher moments are

and

(i) =p(i —1)(1 —a(i—1)) +p(i + m® — Da, (17)

for s > 1.

Given {p(i) ; 0 <i <m° -2}, by (16),

p(0) — ;';}—qu)a(z')

p(m” —1) = = ; (18)
and by (17),
p(m® + i) = p(i+1) —pﬁi)(l - Oé(i))7 i>0. (19)

(e}

E. Delay distribution

First, we derive the expected queue length at a circuit|y non-fluid models, where packet arrivals and depar-

period boundary under stationary conditioi&,X ), and
then the long-run time-average queue lendili.,X).

tures occur at particular time instances, packet delay is a

well defined notion. In a fluid traffic model, however, a

A simple method to derivef(X) is to express the paciet can be served while it is still arriving. Thus, the
one-step evolution of{*(n + 1) (similar to (8)) and time interval during which a packet arrives could overlap
then equate between the expected values of both siqggh its transmission interval and multiple notions of
This method yields the expression in (13). The expectgdcket delay can be defined. Regardless of the notion
number of B-bits at a circuit boundary is therefofle  of gelay defined, a packet scheduling rule is required

BE(X).

and we assume a FIFO regime.

To find the time average queue length we note that theconsider a notion of delay defined as the time elapsed
queue length evolution between two consecutive CirCibm the arrival instance of the first bit of a packet to

period boundaries{ X (t), 0 < ¢ < 1}, is as follows.
Given X (n) = 1,

[i+t—m%", wp. a(i);
X(t) = (14)
1+, w.p. 1—a(i),

By the mean ergodic TheoremFE(X) =
" E(X(t))dt. Note that fori > m° — 1, we
havei +t — m% > 0 for every0 < t < 1; and
for i < m% — 1, we havei +t¢t — m% > 0 for
0 <t<i/(m®—1). Integrating yields

bt — 0 m?—2 .

BE(X) =B(X)+5-% (1 - 20 p(@))

(15)

m®—2 Y
+1 Da(i) (=2 —2i—1).

5 5 (el (7 )
The time-average number of B-bits is therefdre? (X).

D. Queue length distribution

the departure instance of the last bit of a packet. Such a
notion of delay must be defined in terms of packet length
and is considered below to derive the delay distribution
for a special case.

An alternative notion of delay, referred to as B-bit
delay, is the time elapsed from the arrival to the departure
instant of a B-bit. The B-Bit notion of delay is not
defined in terms of packet length, however, it does reflect
packet delay in the following sense. At a B-bit arrival
instant, the portion of the packet preceding the B-bit is
either enqueued or has undergone transmission; at a B-
bit departure instant, the portion of the packet preceding
the B-Bit has undergone transmission. Thus, B-bit delay
reflects the delay of an arbitrary packet prefix.

The expected B-bit delay under stationary conditions
is derived fromE(X) by Little’s Theorem. SinceA -
E(X) is the expected queue length in B-bits in the buffer
at an arbitrary instant, and the B-bit arrival ratedisthe
expected B-bit delay (queueing time) & X) given in
(15)).

We now return to the former notion of delay defined

In subsection 11I-B, we derived the probabilitiesas the time elapsed from the arrival instance of the first

pli),i =0,1,..
a simple recursion fop(i), i > m° — 1.
From (8), the balance equations are given by

(16)

.,m% — 2. In this subsection, we derivebit of a packet to the departure instance of the last bit of

a packet and we assume each packet comprisésB¢
bits. We further assume that during each circuit period
there is an integral numbe¥/ of packet arrivals, i.e.,
A= M - L, and all packets are served according to the
FIFO regime.



a(m® —1)% + (1 —a@) + X752 p(i) [am®(2(i + 1) — mO) — ai)(i + 1)
By < S A 0259;;[)_1)(( )= m®) — a@i + 1] 2)

Let D be the packet delay, measured in circuit periodgeometrically distributed taking valués2, 3, .. ... Note
defined as the time elapsed from the arrival instant®at 7; includes thej** allocated circuit period used
of the first bit of a packet to the departure instander transmission. From (21), the pgf of the summation
of the last bit of a packet. We now derive the packet™ =", 7; is given by[Gg(z)]".
delay distribution for a special symmetric case. For It is now shown that an integral number of packets
definiteness, assume that the packet arrival process f@side within a buffer at every circuit period boundary.
gins at the boundary of a circuit period. There dte Let b(k) be the number of packets transmitted during an
packets arriving during every circuit period, each havirglocated circuit period, given that there dr@ackets at
a different delay. LetD,,, 1 < m < M, be the delay of the beginning of the circuit period. i > (m"—1)M, the
a packet whose arrival begiiis: — 1) /M circuit periods queue at the buffer is drained at raté M/ packets per
after a circuit boundary. The delay of an arbitrary packetriod, and thereforé(k) = m°M. If k < (m° — 1) M,
is given by the buffer queue is drained at rai€’ M during the first

1 Y period fraction ofk/(m® — 1)M, and at rate) during
D=+-> Dm. (20) " the rest of the period, implying(k) = k + M. Th
M “~ e rest of the period, implying(k) + M. Thus,

The difficulty in deriving packet delay distribution is m®- M, if k> (m°—1)M;
attributable to the fact thatx(i)} is different, for every b(k) = (22)
i. Therefore, the time between two consecutive circuit k+ M, otherwise.

allocations is not identically distributed. To simplify the o )
derivation, we consider the special symmetric case, inConsequently, at every circuit period boundary, there
which a(i) = a, for everyi. The derivation of delay is an integral number of packets whose distribution is

distribution for the special symmetric case may senfven by

as a guide to deriving the delay distribution for the q(k) d:Efp(kL), k> 0. (23)
general case. We derive the delay distribution by way

of a computational procedure rather than a closed formThe number of circuits period needed to transmit

expression. The procedure produces the delay distripackets at raten®M is n(k) % [k/m®M]. All, but

tion histogram. possibly the last circuit period, are fully used to transmit
Under stationary conditions, assume a circuit peridtie k& packets. The utilization of the last circuit period is

begins at timed. That is, P(X(0) = ¢) = p(i), where given byl— frac(k), wherefrac(k) def n(k)—k/mM.

the set{p(i)} is derived in Subsections IlI-B and Ill- Let d’ (k) (d2,(k)) be the delay of then'” arriving

D. The duration of each packet arrival 1gM circuit packet given that there arde packets at timé) and the

periods. Thel®! packet starts its arrival at timé and first circuit period is allocated (not allocated), whére

every subsequent packet, 2 < m < M, starts its m < M.

arrival upon the arrival completion of packet — 1. Suppose that packets are present at tirelf the first

(Note that the{D,,} are statistically dependent.) Firstcircuit period is not allocated, thie present packets and

we derive the distribution oD, and then we express thethe M first arrivals are all transmitted at rate¢m®M.

remaining M — 1 distributions recursively. Thus, form =1,

By assumingn(z) = «, the number of circuit periods

y (i) @ . . P i Bk) =140 4 1
between two consecutive circuit allocatiorts, is geo 1 mONM
metrically distributed with a success probability af
The pgf of S is given by +Z{k € ZoH (7 — 1) = Z{k & Zo} frac(k)
zQ
s < 1. — k) L 1
Gs(z) 20 —a)’ |z| <1 (21) "W 4 5 + I{k € Zo}T

Let 75, 7 > 1, be the number of circuit periods +I{k & 20}(1 — frac(k)),

between thej — 1 and the;*" circuit allocation, using (24)

the convention that allocatiod is done at timed. The where Z, is the set of all positive integer multiples
random variables{r; ; j > 1} are independent andof m°M; Z{E} is the set indicator function; and is
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an independent geometric random variable with succes8y (24) and (25), the distribution of the random
probability . variabled?(k) is expressed by

Form > 2, d*(k) =70 ¢ ML Mol Tk € Zo)r
dpn (k) = d 5 (k) = 37 + 5w

+I{k+m—1€ ZH(r—1).

(25) +Z{k & Zo}(1 — frac(k))

M—1
+ M —m)I{k+m € Z}.
If the first circuit period is allocated, then (22) implies M mzzl( I " o}

that them” arriving packet is served in the first circuit o ] (32)

period if and only ifk+m < m®M. Moreover, packetn Slmllgr to the ab.ove derlvat!on but using (28)—(30)

completes its transmission when it completes its arrivé@Sults in th% following expression faF (k).

if and only if the queue length drops to zero no later FOr& = m"M,

than m/M. That is, if and only ifk/(m" — 1)M < d' (k) = pnlk=m®M) 4 QMjAZ - %

m/M, which is equivalent t& < (m°—1)m. Therefore, "

implying the following. +Z{k € Zo}7 + T{k & Zo}(1 — frac(k))
Form >1and0 <k < (m° — 1)m,

M—-1

1 +1 M —m)I{k+m € Z}.
ab (k) = . (26) w2 (M= m)I{km € Zoj
M (33)
For k < m°M,
Form >1and(m® —1)m <k < m°M — m, thek " _
present packets and the first arrivals are all served at Q) =L mm{Mg”M—k} . {i ik L_l}
ratem®M. Since then!” arrival starts at timém—1) /M M me1 M>mPM M
and thek+m packets complete their transmission at time
(m +k)/m°M, we have +T{k > (m® — )M}ER, 0
dL (k) = m+k m-— 1' 27) where S(k) is the total delay contribution of the pack-
" mOM M ets transmitted during the second circuit holding time,

derived as follows.
Note that for this case we hayen’ — 1)M < k <
1 ma+k m—1 mYM, and packetsn = 1,...,m°M —k are transmitted
dy, (k) = maX{M7 oy AV } (28) ' during the first circuit holding time and packets =
m°M —k+1,..., M are transmitted during the second
For k > m°M — m + 1, the m'" packet is not Circuit holding time.
transmitted during the first circuit period. Similar to the Let di,(k) be the delay of packet, m = m°M —

From (26) and (27) it follows that fok < m°M —m,

derivations of (24)—(25), we have fon = 1 k+1,...,M, givenk packets at time). Thus,
n(k—mO 1 mOM — k +1

di(k) =qn=m®M) 4 L4 Tk e Zo)r 9 dong—par (k) =7+ 5o — = . (35)

+Z{k & Zo}(1 — frac(k)). and for2 < j <k —(m°—-1)M,

1 1

Form > 2, dmOM—k—&-j(k) = dmOM—k+j—1(k) + m — M (36)

dy (k) = dh_1(k) = 37 + a1 From (35)—(36),S(k) = >M_ o 1/_ks1 dm (k) and can

(30) be computed by recursion.
+I{k+m—1€ Zo}(r - 1). Note that both random variabled} (k) and d?(k),

' . are linear combinations of independent geometric dis-
Let di(k) = 47 SM_ d (k),i=1,2. From (20), tributions. Therefore, the conditional histogram bf
given k packets at a circuit boundary, can be computed

dt(k), w.p. aq(k); from (32)—(36). The unconditional histogram &f is
D = (31) then derived using the distributiofy(k)} as derived in
d*(k), w.p. (1—a)q(k). (18), (19) and (23).



IV. ANETWORK OFEDGE ROUTERS Once a consistent set* is found, the delay distribu-

Deriving the exact stationary distribution for the muition using policy 2 is computed for every logical buffer

tidimensional Markov chain determined by an arbitrat’?S given in Section _”I'E' ] )
circuit allocation policy R is intractable. To ensure AS demonstrated in the example presented in Sections

computational tractability, consider approximating th% and Vil the successive substitution algorithm is not
evolution of each buffer independently. To decoup%uaranteed to converge to the consistent set of allocation
amongst buffers in a way that the evolution of eacrp]robabilitieSa*, furthermore, there is no guarantee that

buffer remains consistent with all other buffers in thi'€ transformatio(«) admits a unique set of consis-

network, the stationary circuit allocation probabilitied€Nt allocation probabilities.

{a;(i)}, must be chosen in agreement with the policy However, as demonstrated by all test instances consid-
R.J ’ éred, the successive substitution algorithm does indeed

converge to a set of consistent allocation probabilities,
1;which are in good agreement with a simulation model

states, where buffei comprises B-bits and is allocated used to verify the approximation. The successive sub-
2 circuit stitution algorithm usually requires only a few iterations

By the independence assumption and (4), the foIIO\XTﬂh c%n\{erge V\Imh;.n afsuffluenﬂy Smt?]“ e:cror crlterlo?.l
ing R-consistency equatiomsust hold: e delay evaluation framework can therefore accurately
approximate the expected B-bit delay in a fraction of the

For any givenR, let S/i(i) be the subset of;(i),
defined in (3), whereﬁf(m) = 1. Namely, the set o

aj(i) = P(éf(X(n)) =1/ X;(n) = Z) computational time required by the simulation model.
(37)
=2 xesn () Umzi Pm(@m), Y (4,4), V. A CIRCUIT ALLOCATION PoLICY EXAMPLE
wherex = (z1, 22, ..., 27) andpm (zm) = P(Xm(n) = Let 7 be the set of all logical buffers. A building
Tm), 1 <m < J, are the stationary marginal probabi"block to define general circuit allocation policies is a
ties. maximal transmission (MT3et. An MT set is a subset

If (37) does hold, we say thalte independent Markov Ji of J, satisfying: (i) all buffers in7; can be allocated

chains{X;(n), 1< j <.J, n >0} are consistent with & circuit concurrently without resulting in data loss; (ii)
policy R. T B there is no superset of; that satisfies (i). Allocating

For every logical bufferj, let a; = {a;(i) ; i > 0} circuits to a set of buffers that does not define an MT
anda = {a;(i) ; 1 <j < J}. Aseta is aconsistent S€t is suboptimal.

set of allocation probabilitiesf it satisfies (37). The set of all MT sets, denoted by” = {J; C
Since the stationary probabilitie; (i)} depend on {1:2,---.J} ; 1 < i < N}, can be mapped to a
a; we use the notatiop; (c;, ) rather thanp; (i). realizable network consisting of a topology and routing
To find the consistent set of allocation probabilitie€!iCy- Restrictions are not imposed to avoid overlapping

define the transformations: MT sets. In particular, a buffer may reside in more than
‘ one MT set.
T (o) = Z H P0G, Tm), 1<j7<J, i>0. A general circuit allocation policy is one that selects
TeSk (i) m#j a single MT set at every circuit period based on some

_ _ o _(38) measurable information about all buffers. Any determin-

The R-consistency equation(87) are satisfied if and jstic stationary policy allocating an MT set as a function

only if there is ana* such that of all queue lengths defines a weighted time division
ir kN kg . multiplexing (TDM) policy and results in a periodic

Tj(a®) = aj(i), V¥ (i,7) (39) Markov chain, The performance of these policies have

Observe that each transformation s{g‘f]’é(a)} is a been analyzed elsewhere [13] and not considered herein.
continuous mapping from the compact &et1]17/1-(5—4) Here, we demonstrate the delay evaluation frame-

to itself and therefore it has a fixed point by the Brouwé¥ork for the following threshold randomized policy

fixed-point theorem [9]. implemented with the aid of a common pseudo random
To find the consistent set of allocation probabilitie§UmbPer generator. Each MT sgf, is associated with

o, we invoke the following successive substitutioR triplet (:,&;, &), wheret; is a threshold value and

algorithm with some initial setx(%): &7 > ¢} are positive weights.
' An MT set constellation is a binary vectdr =
a§”“)(z‘)=T}(a(”)), V (i,j) and n>0. (40) (by,by,...,bx), Where b = 0, if and only if



djeq Xj(n) < t;. Let &i(b;) = ¢+, if by = 0; and  whereFy,(y) and F; (;(z) are the respective Gaus-
Ei(b) =2 if b =1 sian random variables. The integral is numerically eval-

The policy is defined as followdor every given MT uated using a ‘continuity correction’ to account for the
set constellatiob, MT setJ; is selected with probability fact thatY; and Z;(i) are discrete random variables.

&i(bi)/ 1L &(bo).
A distributed implementation requires to pass around V!- ADAPTIVE CIRCUIT ALLOCATION AND
the constellation vector and to use the same pseudo IMPLEMENTATION ASPECTS

random generator in all buffers. The latter guaranteesTo ensure computational tractability, the delay eval-
that exactly one MT set is chosen for each constellatiamation framework approximates the evolution of each

For everyj, let N; be the set of all MT sets notbuffer independently. Thus, allowing asynchronous cir-
containing bufferj; N; be its cardinal numbery; be cuit allocations of fixed durations does not invalidate
the number of MT sets not containing where each the analysis derived in Sections Il and IV. The circuit
one of them has a total buffer size less than or equalocation policy, however, needs to be dynamic. That
to its corresponding threshold; afj (i) be the number is, upon a circuit period completion, the policy must be
of MT sets containingi, where each one of them has &apable of allocating one or more new circuits given that
total buffer size less than or equal to its correspondimgset of circuits have been assigned.

threshold, givenX;(n) = i. An implementation of a circuit setting black box
Given the currenta and the eventst; = y and requires queue length monitoring and messaging to feed
Z;(i) = z, the allocation policy. Whether implemented centrally
or distributively, a latency between the time stamps
a;(i,y, 2) d:efT;(a,y,z) _ At (N = Nj - 2)& of the monitored queue lengths and the circuit setup

(z+y)& + (N —2z—-y)&  time will always occur. Thus, a queue length prediction
To uncondition the events; = y andZ; (i) = =, given probllem rises. In gsystem where our f_Iu_ld trqﬁlc model
plies, the predication problem is trivial since input

the currenta and the buffer independent assumption, dt . n ¢ determined f the allocated
invoke the Central Limit Theorem and use the foIIowin@.n ransmission rates are determined from the aflocate

Gaussian approximation to compuf&(Y; — y) and ircuits (which are known). Since the rates are fixed, the
P(Z;(i) = ) I 4 gueue length at any moment in the future is known in
(i) = 2).

. . . advance.
SinceY; = ZlENJ(l_bl)’ It can be approxm_ated, fqr A useful extension to the framework in Section Il
a large value ofV;, by a Gaussian random variable with

meany" and variance . . (1 — pi)pi, where Is a allow policies where the circuit allocation period
leN; Pl LEN; Pujpi may depend on the queue length. Specifically, for every

queue lengthX(n) = 4, a circuit is allocated with

probability «(i) and the allocated circuit period is of

length ¢(i), which is specified in circuit periods. With
o . . _ probability (1 — «(i)), the allocation attempt fails and
Similarly for Z;(i), since Z;(i) = 3ign, (1 = bi), it another attempt is made aftecircuit periods. (Here we

can also be approximated, for a large valuehot- Vj,  a4opt the same notations and definitions as in previous
by a Gaussian random variable with megjp, . ¢ and Sections.)

pzzp(z Xi(n) <t

ke

variance g, (1 — ai)qi. where An interesting case is an exhaustive policy obtained
from the functiont(i) = i/(K — A). Here, the allocated

g =P Z Xp(n) <t;—i) . duration is selected to gxactly clear'the B-bits in Fhe

ke TN} gueue and those that will arrive during the allocation

time. Note that with this policy, if a current allocation
When an MT set contains a large number of bufferattempt is successful, then the queue length drops to zero
the probabilitiesP(Zjeji Xi(n) < t,-) can also be at the next allocation attempt. Thus, to prevent artificial
approximated by a Gaussian distribution. The requireteps of length zero, we fix(0) = 0. Moreover, since an
first two moments are computed from the stationansuccessful allocation attempt is followed by another

distributions of the individual buffers. attempt afterb circuit periods, lettinga(i) be state
Finally, dependent is redundant. Therefore, we confine ourselves
to the case where(i) = « for ¢ > 0.
aj(i) = //aj(z',y, 2)dFy, (y)dF g, ;) (2), To derive an expression for packet delay, the Markov
¥z chain with states given by the embedded points at which



circuit allocation attempts are made is considered. derived either from the"® derivative of G(Z), or by
With the exhaustive policy above, the single queuepresenting the one step evolution f(n + 1) in a
length, (X(n), n > 0), evolves as follows. Given similar manner as in (41)-(42) and equating the expected

X(n)=1>0, values in both sides. This latter procedure is less tedious
and provides the equation:
0, wW.p. «;
X(n+1)= (41) 2y _ (abA)? B 2 2
i 4bA. wp. 1—a B(X?) = 2 -+(1-a) [B(X?) + (b4) +2bAJi(12<))].
Given X (n) = 0, ReplacingE(X) in (46) with the right hand side of (44)
X(n+1) = bA. (42) yields the following closed form expression:
_ 2
The expected drift in the process state in one transition E(X?) = [1+20(1 — a)(b4) (47)
is E[X(n + 1) — X(n)/X(n) = i] = (1 — a)bA — o(l+a)
ai (for ¢ > 0), which is strictly negative ifi > (1 — By Little’s Lemma, the time average queueing delay
a)bA/a. Thus, by the Foster-Lyapunov drift criterionof an arbitrary B-bit isE(D) = E(X)/A. The packet
[4], the Markov chain is positive recurrent. delay distribution can be obtained in a similar manner

Under stationary conditions, the derivation of the pgfs in Section III-E.
is simple and yields

bA)] VII. NUMERICAL EXAMPLES
<1 (43)

Glr) — all —p(0)(1 -z
(2) = A diverse collection of symmetric, asymmetric and

1—(1—a)zbA

To find p(0), notice that the queue length drops to Zer_r(glndomly generated networks are defined to serve as test
) . nstances for the delay evaluation framework. A discrete
only after a successful allocation attempt, after which the : ) . .
. ) . event simulation model is used to quantify the error
queue length rises @A in the following step. From that . N :
: : introduced by approximating the evolution of each buffer

step forward, independent allocation attempts are ma

every b circuit periods, each with a probability ef of lngFeO;Jrir;]ceientlry.o e of numerical evaluation. test instance
succeeding. Thus, the expected return time to state ngg S eciﬁgdp bS a cgllection of ,\;JT se’ts SEacSh tests
is 1+ 1/«. By definition, we have P y '

instance, or collection of MT sets, can be mapped to a

p(0) = 1 - > realizable network consisting of a topology and routing
1+1/a l+a policy. However, the network itself is irrelevant, only the
The expected queue length at the embedded poifgdlection of MT sets is of concern.
is given by the derivative ofi(z) evaluated at = 1. All test instances entail 100 buffers and 400 MT sets;
Simple calculation yields: that is, J = 100 and N = 400. Test instances are
abA distinguished by the following two attributes:
B(X) = o (44) (i) the cardinality of each MT set; and

. " . éii) the number of MT sets resided in by each buffer.
Under stationary conditions, the time average que;

~ evé’ — 0
length, E(X), can be derived based on the followin 0<r§d<LJclta()She2nulmiae1roo1‘1 fie? firoa})met y y =
observation. For every given stalé(n) = ¢ > 0, with =J = P&/ =10, 1< < ; andt; = |7il,

probability «, the queue length decreases to zero at railteS LS _400' In words: the _propprtlonqllty between the
1/(K — A): with probability 1 — o, it increases ta + arrival bit rate and the service bit rate is the same for all

bA at rate A. For stateX(n) — 0, the queue length _buffers, the ratio between the upper and lower weights

increases t@A at rate A. Considering a simple triangleIS 10 for all MT sets, and the threshold of an MT set is

and rectangular area calculation yields chosen_as its cardinality. . _
Test instances are classified as symmetric (S), asym-

BE(X) = Qogli;f) + sy B(X?) metric (A) and random (R). In a symmetric test instance,
(45) the cardinality of all MT sets is equal and all buffers
+ (E(X) + %) (1— a)b. reside in an equal number of MT sets. An asymmetric

test instance allows the cardinality of each MT set and
The time average queue length(X) in (45) is ex- the number of MT sets resided in by each buffer to vary
pressed in terms of (X ) and £(X?), where the former in a strictly deterministicmanner. Finally, a randomly
is given by (44). The second momerit(X?), can be generated test instance is such that the cardinality of each
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MT set and the number of MT sets resided in by eachodel are shown within 95% confidence intervals. For

buffer varies according to a statistical distribution. For atandom test instances, the expected B-bit delay is quan-

test instances, MT sets are necessarily unigue. An integiéed as an average across 3 independent trials. Plots are

programming approach is used to ensure the feasibilghiown in Figs 1-5.

of all symmetric and asymmetric test instances, in which All test instances demonstrate that the expected delay

not all combinations of attributes (i) and (ii) are feasiblgyenerated by the evaluation framework and simulation
Test instances are chosen to reflect the full rangedel are in good agreement, particularly for a high

of accuracies that may be expected with the delégad, which is represented by’ = 3.

evaluation framework and are defined in the following. For larger values ofz?, the quality of the error margin

(S1) Each of the 100 buffers resides in, n — varies and the analytical frameworks always provide an

160.200.240. of the 400 MT sets. Thus. the carYPPer bound. Specifically, an error margin of less than
dinz;llity of each MT is given bleOﬁ/400' ‘hat is. 1% is attained forn® = 3. The maximum error margins
a cardinality of 40, 50 and 60 respecti\;ely " for all test instances are given in Table I. Observe that

(A1) Each of the 100 buffers resides in 240 MT sets. THESt instances, in which all buffers do _not reside in the
400 MT sets are evenly divided such that 200 arejf‘me n_umper of MT sets, such as test |ns.tances (A3) and
cardinality 40, and 200 are of cardinality 80. Thu ,RZ_)’ give rlse.to the greates.t error margin. )
each buffer resides in 80 MT sets of cardinality 40 Five approximations contribute to the error margin,
and 160 MT sets of cardinality 80. they are as follows:

(A2) A variation of (Al). Each of the 100 buffers resides (i) approximating the evolution of each buffer inde-
in 180 MT sets. The 400 MT sets are evenly divided pendently;
such that 100 are of cardinality 30, 100 are of(ii) approximating the probability’(Y; = y), for each
cardinality 40, 100 are of cardinality 50 and 100 buffer j, with a normal distribution;

are of cardinality 60. (iif) approximating the probability?(Z;(i) = z), for
(A3) Of the 100 buffers, 50 reside in 240 MT sets, and  each buffer; and buffer sizei, with a normal
50 reside 160 MT sets, referred to @ss land distribution;

Class 2buffers, respectively. Thus, the cardinality (iv) approximating the probability? (3" 7 Xx(n) <
of each MT set is 50 and the composition of each t), for each MT set7;, with a normal distribution;
MT set is such that 30 of the 50 buffers reside in and,

240 MT sets and 20 of the 50 buffers reside in 160(v) approximatinga(i) = @ for i > m°% — 1.

MT sets. o Secondary approximations, such as assuming integral
(R1) Each of the 100 buffers resides in a random numbgfa| and service bit rates, are implemented in the

of MT sets according to the discrete uniform distrigji,jation model, and thus do not contribute to the error
bution on the interva]160, 240]. Thus, the expected margin.

N:lT sctat dc?rd'l\;:_?_hty tIS SOd' _I?gffers are drand(r)]m'\IXT By normal approximation, it is meant the Central
a ?c_:a ed 1o Sels and 1L 1S ensured eac Limit Theorem is invoked to approximate the distribution
SEL IS unique. of a sum of independent random variables. The normal

(R2) Of the 100 buffers, 50 reside in a random numb%\rpproximation is accurate if the number of MT sets is

of MT sets according to the discrete uniform distri- " .. L
. : .~ sufficiently large and the number of buffers residing in
bution on the interva[230, 240] and 50 according y 1arg g

) : N _ ach MT set is sufficiently close to half the total number
to the discrete uniform distribution on the interva f MT sets. The accuracy of the normal approximation
[160, 170], referr_ed to asClass 1and Class 2 is compromised if the number of MT sets is small, in
buffers, respectively. Thus, the expected MT Sgiioh case the probabilitieR (S . 5 Xi(n) < ) wil
cardinality is 50. be poorly approximated, or if the number of buffers

For each test instance, the expected B-bit delay, whigsiding in each MT set is either small or almost equal
guantifies the expected queueing time of an arbitrary B> the total number of MT sets, in which case the
bit, E(D), is computed both, by the delay evaluatioprobabilities P(Z;(i) = z) and P(Y; = y) are poorly
framework in (15), and by the simulation model. Thapproximated, respectively. The normal approximation
results are plotted as a functionaf, m® = 3,4,5,6,7. may be avoided in such instances where the number of
Recall thatm? is the ratio of the service bit rate to thebuffers residing in each MT set is small, by computing
arrival bit rate. The expected B-bit delay is expressed ihe appropriate probabilities exactly by summing over
units of circuit periods. Plots generated by the simulatiall possible permutations.
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Approximatinga(i) = @, for i > m® — 1 introduces

error, if the thresholdt > m°® — 1. For example, if 4.

£ 2 mO—1, P(Z;(m0—1) = 2) # P(Z;(1+1) = 2) = 0,
however,a(m® — 1) = a(t + 1) = @, sincea(i) = @,

for i > m® — 1. Therefore, ift > m® — 1, a is 35/

approximateoz‘)such that = S5 o 1 B(i)a(i), where %a 3l

(i) = =x2%—— and K > m® — 1 represents a o

P Do PU) . P g 2.5-

numerical truncation point. S F'a”’ewo
To quantify the error introduced by approximating 5 2/ “/al‘ionrk

as such, three symmetric test instances are defined
which the normal approximations are avoided by consi
ering only 12 buffers residing in MT sets of cardinality

¢, ¢ = 5,6,7. The expected B-bit delay) (D), is plotted 0.5

as a function of the thresholtd t = 0,1,...,7, for
m® = 4 in Fig. 6. Observe the increased error margin
fort > m® -1 = 3. Fort < m®—2 = 2, the Fig.

1.5¢
1t Framewory
Framework Simu afion —
x

| Simulation
L L L

3 4 5

mO

1. Test instance (S1). Expected B-bit delay as a function of

error margin is less than one percent and is Complet@lyportionality between arrival bit rate and service bit rate.

attributable to approximating the evolution of each buffer
independently.

As shown in Figs. 1-5, the expected B-bit delay i
monotonic in the proportionality between the arrival an
service bit ratem”. For most test instances, the expecte
B-bit delay is less than one circuit period foi® = 6,7, &
indicating a bit is transmitted in its arriving circuit perioc”;
with high probability. The expected B-bit delay is nogﬁ
plotted form? = 1,2, 3, because the underlying Markovg

2.6

2.4
2.2

2
1.8
1.6
1.4

chain is not ergodic for some test instances gineh< g
3 3 1.2
1
[ Test Instance [ Max Error Margin || 0.8 W
(S1) n = 160 0.36% o Gim‘\\};\ Ay
(S1) n =200 6.6% L ‘ e e——
(S1) n = 240 1.6% 3 4 5 6 7
(A1) 13.9% m°
(A2) 6.4%
(A3) Class 1 24.5% Fig. 2. Test instance (Al) and (A2). Expected B-bit delay as a
(A3) Class 2 24.1% function of proportionality between arrival bit rate and service bit
(R1) 5.8% rate.
(R2) Class 1 2.2%
(R2) Class 2 9.3%
TABLE | buffer of an edge router, based on QoS and destination,

MAXIMUM ERROR MARGIN

VIIl. CONCLUSIONS

and enqueued.

Two types of circuit allocation policies were integrated
into the framework. First, circuit holding times were of
fixed duration and allocated at the boundary of fixed
time frames (‘limited’), and second, circuit holding times
were adaptive to buffer size such that the holding time

A general framework was provided for evaluation oivas sufficient to empty a buffer (‘exhaustive’).
packet delay distribution in an optical circuit-switched The framework approximates the evolution of each
network. The framework offers sufficient flexibility toqueue length independently. ‘Slack variables’ were in-
allow arbitrary provisioning of QoS and adaptive RWAtroduced to decouple amongst buffers in a way that
The framework was based on a fluid packet arrival aitkde evolution of each queue length remains consistent
service rate model, in which packets are assigned tavih all other queue lengths in the network. The exact
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Fig. 3. Test instance (A3). Expected B-bit delay as a function &fig. 5. Test instance (R2). Expected B-bit delay as a function of
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m° Fig. 6. Effect of varying threshold. Expected B-bit delay as a

function of threshold,t. Observe the increased error margin for

Fig. 4. Test instance (R1). Expected B-bit delay as a function 6 m® —1=3.
proportionality between arrival bit rate and service bit rate.

APPENDIX

A. Derivation ofG(z)

delay distribution was derived for a single buffer and Using (8), the state relabelling, the definition@fz)
an approximation was given for a network of buffers;ng the fact thatv(i) = @ for i > m® — 1, G(z) can be

The approximation entailed finding a fixed point for th%eparated into the following two summations:
functional relation between the ‘slack variables’ and a

specific allocation policy. G(») = m°—2[a(i)z(i+1_m0)+ + (1= a(i)Hp()
. . . . . . . i=0

An analysis of a circuit allocation policy, in which

circuits are probabilistically allocated based on queue X (i1omo) NI
lengths, was given as an illustrative example. The frame- +i:%271[0‘2 + (1 —a@)z"p(a).
work was shown to be in good agreement with a discrete

event simulation model. For the first summation, + 1 — m° < 0, and for the
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second summationi,+ 1 — m® > 0, thus

6 ="S Tal@) + (1 - a@)= 1ol

[@z 1= 4 (1 — @)z p(a).
i=m0—1
Multiplying by z™~! and rearranging the second
summation yields

mo—2

= X

=0

G(2) [o() + (1 — (i) 2"+ ]p (i)

+(@z!=™ + 2 —@2) ioj p(i)2".
i=m0—1
Since -0, 01 p(i)28 = G(2) — ™52 p(i)7, the
second summation can be written in term&gt) giving
the following implicit equation forG(z),

(1]

(2]

o(z) =% lali) + (1 - a(i))=*1Jp(i)
=0 [3]
+(@z=™ + 2 —@z) (G(z) - n:§)2p(i)zi>

(4]
Elementary rearrangements give

"= i) — a4 (@ — (i) H]p(i)
G(z) = =

(5]
(6]
(7]
(8]

=1 gy — xm® 4’

B. Properties ofG(z)

First we show that the denominator@fz) hask — A
distinct zeros. Represent the denominatoGot), h(z),
as a sum of the two functiong(z) = 2X~4 andg(z) =
—(@+ (1 —a)k).

Clearly, f(z) has a single zero of ordef — A at 0.
Furthermore, for every on the unit contoufz| = 1,

9(2)] < 1£(2)] (48)

and the derivatives off(z) and g(z) satisfy % =

K — A and dg‘(j) = (1 — @)K, respectively.
dg(Z)

From the ergodicity condition (9)% > ) on
the contour|z| = 1. Combined with (48), it follows that
lg(2)| < |f(2)| for everyz on any contourz| = 1 + 4,
where s > 0. Invoking Rouche’s Theoremf(z) and
f(2)+9(z) have the same number of zeros within every
contour|z| = 1 + 6, whereé > 0. That is, within and [15]
onto the unit diskz| = 1. Sincef(z) hasK — A zeros,
so does the denominator 6f(z), h(z) = f(2) + g(2). [16]

Next we show that all zeros must be distinct (i.e.,
of order one). Suppose in contradiction that they are not

(9]
[10]

[11]

[12]

[13]

[14]

14

distinct. Then the derivative df(z) at any multiplicative
must vanish. However, the derivative bfz), h'(z), is
given by: positive inz| < 1:

W) = [(K - A4 - (1

—a) K51
> (K — A)2KA1] - (1 — a) K|

— (K — A)[o|FA1 — (1 — @)K,

It is easily verified that the ergodicity condition (9) is
equivalent to|h'(z)| > 0, for everyz in |z| < 1. Thus,
all zeros are distinct.
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